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PREFACE TO THE FIHST EDITION. 



The priaciplea of tlie Calculus are reached from three different 
points of view in the methods respectively of Leibnitz, Newton, and 
Lagrange. The mefliod of the latter not being adapted to elemen- 
tary instruction, the choice for this purpose lies between those of 
the two former. The recent text-books, both English and French, 
are in general based upon the method of Newton. The expediency 
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The following analysis exhibits the course pursued. 

The first object is to show the necessity for the new instrument of 
investigation we are about to examine. A simple problem is, there, 
foie, inti-oduced for which an ei^uatioa cannot be directly obtained 
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in terms of tho quantities whicli enter into it, and wiicli require to 
be considered. In these ciroumstaaces the ordinary expedient of 
analysis, is the employment of auxiliary quantities to aid in the for- 
roation of the equation required But from the variable nature of 
the quantities which the problem presents, the auxiliaries most 
suitable to be employed, it ia obvious arc not the finite and deter- 
minate quantities of ordinary algebr'i but ci,rtain indeterminate 
quantities capable of being taken as small as we please, without 
changing thereby the values of the judntities for which they are to 
be substituted or in connection with which they are to be used. We 
are thus led to the consideration ot quantities infinitely small, or 
infinitesimals ; which form the subject of the first section. 

The auxiliaries employed in any ease must, it is evident, sustain 
relations to their primitives, in virtue of which tbey may bo elimi- 
nated, after they have served the purpose for which they are intro- 
duied We have, then, next to ratablisii aucii relations for die new 
auxiliaiies we wish to employ. The variable quantities of the prob- 
lem may be regarded as changing their values by incrementa or de- 
crements infinitely small. If we take, then, the difference between 
any two successive states of the variables, the results will be quan- 
titaes in2:'.';ely small, which will have also a necessary relation to 
the primijavos from which they are derived. We may employ them, 
therefore, for the auxiliaries required. They arc called differen- 
tials ; and the process by which they are obtamed is called ditfec- 
entiation ; tue rules for which, for simple algebraic qiiantities, ate 
developed in the second section. 

"We have now our instrument in part, and proceed at once to its 
use. We commence with the problem of tangents, one of the most 
interesting of the problems which occupied the attention of the 
ablest geometers of antiquity, and which long defied their efforts 
and baffled their skUl. We find it yield at once to the instrumen- 
tality we have now acquired. Tke third section is occupied with 
various particular cases of this general problem, and the student ia 
thus introduced to the Difi'erential Calculus, of the nature of which 
he is now enabled to form a general idea. 

In tte problems solved thus far, the quantities whose relations 
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Lglit enter Jirectly into the difleientiJ equations obtdined. 
3 able, therefore, to eliminate by tbe oidinaiy piooeBses of 
I, the auxiliaries eroployecl. But we meet next with a class 
11 which this cannot be done And id which the only 
mode of freeing the efjiiatioiia from the indetei minutes employed 
coneists in returning from them to then primitives, by a proLOsa the 
reverse of that by which they are obtamed 

The infinitely small quantities we h,ive employed aa auxiliaries, 
may be regarded as the elementfl of which the variable quantities of 
the problem are respectively composed. This reverse process will 
then consist in tte summiag up or taking the whole of these cle- 
menta. It is called integration, the rules for which, for simple al- 
gebraic quantities, are developed in the fourth section. Proceeding 
immediately to the application of oui instrument as now improved, 
we introduce in the fifth section various problems upon the quadra- 
ture of ar^as, and the cubatuve of solids ; the solution of which gives 
the student an elementary view of the Integral Calcitlus, 

The problems of the rectification of curve lines, and the quadra- 
ture of the Biirfeces of the solids of revolntion, requiilng the aid of 
both tlie processes ef elimination already employed, brings into use 
the entire instiunfent. It is thus seen as a whole, and the student 
has now a general idea of The OAtcuLira, as the entire instrument 
by way of eminence is called. Wiiat remains, is only its more 
full development, with such new applications as will most clearly 
exhibit its power. 

With lliis object in view, we passto the sixth section. A pro- 
posed problem being too diffieuit for the auxiliaries already obtain- 
ed, we naturally seek for additional ones by a repetition of the arti- 
fice already employpd Eegarding our first auxiliaries, therefore, 
as now becoming piimitives in their turn, we take their differentials, 
and again tho differentials of these last, and so on. We thus obtain 
aeuond, thud &.c d fferentials. These form the subject of the sixth 
section Mdkmg immediate application of these new auxiliaries, 
we mtioduoe in the seventh section the problem of the development 
of a function o± one or more variables, and obtain the important 
theorems of Maclaurin and Taylor. And with resources thus m- 
1# 
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6 P8EPACB. 

creased, we disi-uMi it 1 irge m thi^ eightli and ninth sei tions fiia 
great problem of maxima and minimi, and tiie wliole theuiy of 
curves, 

Thua far our problems have involved algebraic quantities only 
Passing nest to those which involve transcendental funition^, we 
develop ia the tenth section rules both for the differentiation and 
integration of quantities of this description The disouSBion of the 
sinusoid, the logirithmic cuive, and the spirdls in general, pieaenta 
itt the eleventh section in appln ation of the Oilculua to pioblema 
depending upon trinscendental quantities 

It must, by this time, have been perceived that the Diffeiential 
Calculus is fai m advance of the Integral The twelfth section is, 
therefore, ociupied with the development of vinous aiti5(,ea and 
methods of reduction adapted to fecilitate the process of integration, 
or the elimination of the anxiliarits we have occasion to employ 
With these increased facilities we advance m the thiitoenth section, 
to a fnll esammition of the nature and piopeities of the Ojoloid, 
the most beautiiul as well aa important of all the ti-anscendental 
curves. Here the full powei ot the Calculus is moie distinctly ex- 
hibited. PioWems aie solved by it, as with the dash of a pen, 
which eluded the gi isp of the most distinguished of the ancient 
geometer, or were solved only aftei laborious cfibi ts, lud by meth- 
ods alike circuitous and complicated 

In the foutteenth section, some additional problems upon the 
quadrature of aieas and oubatureof ^okds aie introduced, and with 
these is closed the application of the Calculus to problems of pure 
georaetiy 

In the fifteenth and sisteenth sections we ent«r a wider field and 
upon topics of a higher interest. In these the Calculus is applied 
to vaiious problems of Mechanics involving varied motion, motion 
■Uong curve lines, and the determination of forces , problems upon 
equilibrium the determination of the centre of giavity ot bodies, 
and the pressure and discharge of fluids. We thus see the appli- 
cation ot the Calculus to the Physical Sciences, the sphere to which 
it is *ipet a,lly adapted, and within which its powers have beea most 
remarkably displayed. 
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At thia point, wg take our final step in the improvement of the 
iastrnmeat we are considering. We come to a olasa of problems 
far transoendiag in difficulty those which have previously been 
solved ; and wliich require for their solution a higher degree of in- 
determinateneaa iu the auslliarlea eraployod. The new class of aux- 
iliariea required are differentials under a new point of view. They 
are called variations. Their derivation witii some examples of their 
use forms the subject of the seventeenth section. We close our neces- 
sarily limited view of the sublime instrument before us, by ita appli- 
cation in the eighteenth section to two of the most important prob- 
lems of astronomy — the attraction of spheres, and the investigation 
of the law of the force which binds the planets and comets to their 
orbits. The work terminates in the nineteenth section, witk a brief 
esposition of the metJiods of Newton and Lagrange, and a few mia- 
cellaneous examples. 

The plan of the work differs, it will bo perceived, widely from 
the many excellent text-books on the subject recently published. It 
is submitted with diffidence in regard to ita ezeoation, but with great 
^confidence that the plan itself is well adapted to introduce the stu- 
dent by a natural and easy process to a general knowledge of the 
Calculus, to enable him clearly to understand in what it consists, 
and to discern its power ; and especially to awaken in him an inter- 
est in those profound investigations in respect to which it is the ap- 
propriate instrument. 

The work completes the course of tejt-books of pure mathemat- 
ics prepared by the author. Its materials have been selected from 
the ordinaiy sources. The geueral view taken of the philosophy of 
the Calculus is the same with that of Carnot in his Reflections on 
the Metaphysics of the Differential and Integral Calculus, and of 
Oomt« in his Positive Philosophy. 

WM, SMYTH. 

BoivD. Coll.,BIarcli, 1854. 
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NOTE TO THE SECOND EDITION. 

Ik the present edition of this work no chacges have been made, except, in 
accordance with its general plan, to adapt it more perfectly to the wants of 
the Recitation room. The figures have all been inserted with the test, which 
will befonnd a great convenience. In the nineteenth section a more fall ac- 
count is given of the method of Newton. Rules for finding the Difierenlial 
Coefficients of Algebraic quantities are derived ty this method, and some 
examples of their application, in the solution of problems, given. The stu- 
dent will thus have, directly, the means of comparing the method of Newton 
with that of Leibnitz upon which the present work is based. Students, in 
our Colleges, generally approach the Calculus with an erroneous impression 
in respect to the difficulty of the study. This impression, it is believed, is 
strengthened by the want of due attention to the distinction between the 
Calonlos as a logical instrument, and the subjects to which it is applied. In 
the former point of view the Calculus presents no special difficulty ; and in 
the latter, very many of its most interesting and important applications re- 
quire no higher mental effort thanthat to which the student has already been 
accustomed, in the study of Algebra to the estent required in a College 
coarse. In addition to the use of the method of Leibnitz, the author has 
kept the distinction in question constantly in view. He has endeavored also 
to present such a course of topics for the application of the Calculus as fall 
fully within the range of College instruction, and which, without the aid of 
this instrument, would be taught by far inferior methods. The several 
topics discussed are presented so as to advance gradually from the 
more simple to that which is more difficult, Each topic, moreover, as far 
as practicable, is presented as a whole, instead of its different parts being 
scattered over the entire work. Greater unity in the discussions is thus 
secured, with greater facility for selection, when, from any circumstances, 
the entire work cannot he used. The present work owes its origin to a 
want felt by the author in the instruction of his own classes. Its success 
thus far, has entirely met his expectations. It is now presented as a sim- 
ple contribution to the means of elementary instruction, in the hope that it 
may serve to increase the attention now given in our Colleges and higher 
Seminaries to the important branch of Mathematics of which it treats. 

Bowii. Cott., October, 1859. 
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CALCULUS. 



SECTION I. 

PRiaitMIHAEY 



1. Wiien an equation for a question can be obtained directly by 
meana of the quantities which come under consideration, ordinary 
Algebra is sufficient to furoish. tlie necessary rules for its complete 
solution. But numerous questions occur, especially in the Physical 
Sciences, the equations for which cannot thus be obtained, and 
which, in consequence, require for their solution new expedients or 
methods of analysis. 

2. Let tlie following simple problem of this description be pro- 
posed, via. 

To find the space through which a body, acted upon ly gravity, 
will descend in a given time. 

Let s represent the space, i the time, and v the velocity the body 
has acquired at the end of the time. 

Since gravity is an accelerating force, the velocity, it ia evident, 
will vary with the time elapsed, and, convel^sely, the time will vary 
with the velocity. This varying character of the time and velocity. 
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14 THE CALCUI.Ua. 

hotli of which must be considered in determining the space, renders 
it difficult to form directly the equation of the problem, and we are 
thus led to seek some indirect method by which the difficulty may 
be obviated and the required equation be obtained. 

With a little attention it will be seen that if the time be divided 
into portions each indefinitely small, for any one of these portions 
the velocity may be regarded as uniform. Let the body, then, be 
supposed, with the velocity acqnried in th.e time t, to continue its 
motion during one of these indefinitely small portions of the time, 
which we will designate by t' . During this time it will describe, 
it is evident, a con'csponding indefinitely small portion of the space, 
which we will represent by s' . Then, since in a uniform metion 
the velocity is equal to the space divided by the time, we shall 
have s' 

— T (1) 

But gravity, being a constant force, i?ill generate the same ve- 
locity in each successive equal interval of time. Thus, if g repre- 
sent the velocity generated by gravity in the unit of time, in 2 
units it will be 'Zg ; and, in general, in ; units it will be gt, and 
we shall have ^ ___ ^^ ■^n\ 

Comparing these equations we obtain 

,-^gfpii'. (3) 

We have thus obtained an equation for the pioblem Iiy nicin? of 
the indefinitely smalt quantities s and t' which we have employed 
as auxiliaries, and which we suppose to be derived from the primi- 
tive quantities s and t by some fixed and uniform Jaw This law 
beiug determmed, the auxiliaries i', /', it is evident may be elimi- 
nated i and the result will be an equation in s, t, ind constants only, 
from which the value of s may be obtained, and the pioblem thus 
be completely solved. 

3. We shall pursue the problem no further at pre^i^nt , onr ob- 
ject being simply to indicate the circumstances which gave rise to 
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PRELIMINVRY PRINCIPLES 15 

the new liian h. ot MatliLmati ^ wi, aii, about to consiJei in.] tke 
peculiar iirtihte of cilculilion by wIulIi it la Lharactpr ze 1 

The pioblems for tho solution of which th s bnnch of the 
Mathemat ch was invented are amung the moat important that can 
be prest,nti,d to thi, human nunc! On thia account s.-i w<.ll aa ftom 
the inherent dif&oulty of tlie i tolution it has been calkd by way 
of emioeace the Oaltilis 

4. The method of the Calculus is, for our present purpose, suffi- 
ciently obYious. It consists in the employment of certain ausiliary 
quantities adapted, by their relations to each other and the primi- 
tive quantities for which they are substituted or in cotmectioB with 
which they are used, to fecilitato the formation of the equations 
necessary to the solution of problems. We have, therefore, at the 
outset, two questions to consider. 1". What is the nature of the 
auxiliary quantities thus employed ? 2°. How arc those quantities 
derived from their primitives ? 

NATDKB 05 THE IDXILIARY QUANTITIES EMPLOYED IN 
THE CALCULUS. 

5. In order that the quantities /, t', may be employed as auxili- 
aries in forming an equation for the preoediag problem, we must be 
able, it is evident, while they vetaiu the required relation to each 
other, to make them as small as we piease, without altering thereby 
the values of the primitive quantities s and t with which tJley are 
compared, and the relation of which is sought. It is the capability 
of being thus indefinitely diminished, which characterizes the quan- 
tities employed in the O&lculus as auxiliary to the formation of 
equations. In their nature indeterminate, they are regarded in 
practice aa infinitely S7mll, or as infinitesimals. And the Calcu- 
lus, on account of its use of them, is sometimes called the Infini- 
tesimal Analysis. 

Before proceeding to the second inquiry in respect to these aux- 
iliary quantities, let ua examine more particularly what is to be 
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tmderstooci by quaJitities 
the subordination which must 
quantities in calculation. 



THE CALCULUS. 



great, or, ivfinitely small ; 
existing among tJ 



INFINITBBIMAL9. 

6. We can form no conception of a quantity absolutely infinite. 
Nor are the terms great and small applicable to quantities in them- 
Belvea considered, but only in their relation to each other, or to a 
common standard. One qnantity is greater than another when it 
contains the otL.er more than once. It is infinitely great in com- 
parison with another, when no number can be found sufficiently 
large to express the ratio between them, or the number of times 
one contains the other. Thus x is infinitely great in relation to a, 
when no number can be found sufficiently large to express the quo- 
tient — . In like manner a is infinitely small in relation to x, when 
no number can be found sufficiently small to express the quotient _. 



7. But though we cannot i 



1 the value of the ratio — , this 



does not prevent our supposing another quantity as large in rela- 
tion to X, as a: is in relation to a; for, whatever the magnitude of a:, 
we may have, it is evident, the proportion 



in which the fourth term, L, will contain a; as many times i 
SEpposed to contain a. 

In like manner we may have the proportion 



n which, if a is infinitely small in relation to x, — will be infinitely 

unall in relation to a ; for — is contained as many times in a as a 
's contained in x. 
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rNFm-ITE9IMAL9. 17 

8. Moreover, ive may again suppose quantities infinitely greater, 
or inflnitely smaller, tlian tiose last named, and so on without 

Quantities of this description are called infinitely great or infi- 
nitely small quantities of different orders. 

Thus if X is infinitely great in comparison with 1, x^ will bo in- 
finitely great in comparison with x, x' in comparison with x', and 
so on. The first, or x, is called an infinite quantity of tlie Jirst 
order ; the second, or «', an infinite quantity of the second o?'der. 

In like manner if — is a quantity inGnitely small, -^ will be in- 
finitely small in comparison with — , — in comparison with —,, and 
so on. Thus — ia an infinitesimal of the first order, — an infini- 
tesimal of the second order, acd so on. 

If we take the series 



in which s is infinite, each term, it ia evident, will he infinitely 
]arge in relation to that which immediately follows, and inflnitely 
Bmall in relation to that which immediately precedes it. 

9. It wit! }>e observed, 1°, If two quantities x and y are each 
infinitely small, their product wili be an infinitesimal of the second 
order; for we have the proportion 

1 : X : : y: xy, 
in which, if x is infinitely small in relation to 1, xy will be infinite- 
ly small in relation to y; that is, it will, be an infinitesimal of the 
second order. In like manner, z being also an infinitesimal, xyz 
will be an infinitesimal of the third order, and so on. 

2=. Though two quantities are each infinitely small, it does not 
follow that they are equal. Indeed, two infinitely small quantities 
2* 
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may have any finite ratio whatever. Thus let — , — represent two 
X X 

iafinitesimala. We shall have, it is evident, the proportion 

in which, though — , — are each indeterminate, that is, may each 

be made as small as we please, the ratio between them is always 
determinate, viz, that of a : 6. 

3°. Moreover, if an infinitesimal be multiplied by a finite quan- 
tity, its order of infinity will not thereby be changed. Thus — , — 

are each infinitesimals of the first order when x is infinite, although 
the second is a times the first. 

4°. If a: is infinite in comparison with c, conversely a is aa in- 
finitesimal in comparison with x. 

10. In the use of infinitesimals, an infinitesimal may be omitted 
by the side of a finite quantity ; and, in general, an infinitesimal of 
any order whatever by the side of one of an inferior order, 

1. Thus, let there be the equation 

Here, if x is infinite, — can add nothing to a. Indeed as x in- 
oreasea, tbe fraction — decreases, and may be made as small aa we 
please by increasing x. If then x be greater than any finite or as- 
signable quantity, — will be leas than any finite or assignable quan- 
tity. It can add, therefore, nothing finite to the value of a, or will 
become as in comparison with it, and may by consequence be 
rejected. 
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In like manner, if we liave the equation 

if a; ifl iaflnite, — can subtract nothing from a. In either case, 
therefore, if a; is infinite, we siiall have 
y = a. 

2. To find the product of B into x — A, oti the hypothesis that 
IK is iafiajte ; or, whioh is the same thing, tJiat A is an infinitesimal 
compared with x. 

The product of B Into x — A may he put under the form 

■whicli, for the reasons ahove, reduces to Hx, when x = a> . 

3. To find the value of y in the equation y= x' — ax-\-li, 
wteu X is infinite. 

The right band member of this equation may be put under the 

whieh reduces to 3P°, when a:^a) • 

4. To find the value of y in the same equation when x is an in- 
finitesimal. Ans, y^h. 



= uo ; 2°. on the hypotliesis that x is an infinitesimal. 

Ans, — , and ~ respectively. 
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11 'Welme iLu seen Ih^t an infiritcly 'itnall qinititj iniy al- 
ways be jmitted by ihe ile tl a fin te jiantity and in f,cneral »tn 
infinitesimal of ^ny order whateicriy the side of one of an infeii 
or Older Bj reason of the teinis which miy be omitted in virtue 
of thiB priniiplo the eq^uitiona oi que tion= formed by mean'i of 
infinitesimals as auxiliaries to tlie primitive quantities will be 
much more simple and be more easily ostabliahed The idvan 
ta^e deiivcd from this simplifltati n will be obvious when it is 
reeolleoted how mnrh the difSeulty m the solut on of a problem is 
increaied, when for eximple it is ne :'ssir\ 1o intiodi e into its 
equations the second thud lud id general the higher poweiB of 
iiie quantities to be :,oii.siden,d 

12 But the question allies yiill not the o on i&sima affect the 
accuracy of the results at which we arrive in the use ot the'je aux 
iliaric^ lu leply to this question we remiik 

1° Admitting that eirora occur m consequence of these omia 
sions they miy be ma.de as sinill as wo please or leas than any 
finite or conceivable mjgnitude .They must therefore ultimately 
become it or entirely disappear 

2° These om baions are neces aiy to imjress upon the aiisilii 
nes im[ loyed the true chiraetei we assign to them 

If a question is solved upon a certain hypothesis m respect to the 
quantities erapioyed, then, whatever in the course of tlie operations 
is contradictory to this hypothesis must be struck out, or the result 
will not conform to the data. Suppose that, in the solution of a 
problem, one of the quantities, x for example, is regarded as in- 
finite, and we arrive at the equation 

a and i, it is evident, must be struck out by the side of x. For the 
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itjon that a and h can have any value liy the side of x de- 

Btroys the previous hypothesis, a; =: oo , upon which the solution of 

the qnestion depends. 

2. As a second illustration let as take the series 

12 3 4 5. 
-^, --, -p, -^i -r, &c. 



The terms of this series approach more nearly to unity, as they 
are farther distant from the beginning. A term, it is evident, can 
never exceed unity, and will reach this limit only when it is at an 
infinite distance from tho beginning. Let x denote the distance of 
a term from the beginning ; the fraction 

x-\-\ 
will th^n lei leient generally, any term of the series. 

In this expression let a; = to ; then, from what has been said, 
the ezpresbion reduces to — or 1 ; which will be the value of the 
term at an infinite distance from tho beginning, as it should be. 

The omission, then, of unity by the side of x, when x is suppos- 
ed to be infinite, only makes the result conform to the hypothesis; 
and so far from leading to error is what is necessary to make the 
result rigidly exact. 

Wo thus see that an infinitesimal, when connected by algebraic 
addition with a finite quantity or with an infinitesimal of an inferi- 
or order, not only -may, but must be rejected, in order to secure 
absolute accuracy. 

13. The nature of the quantities adapted to bo employed as 
ausiiiaries in the solution of questions, the equations for which it 
is difficult or impossible to obtain directly, has now been sufficiently 
explained. To apply these auxiliaries to their purpose, we must be 
able, as we have seen, to effect their final elimination from the 
equations in which they have been employed. They must sustain, 
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tlierefoi-e, a definite and known relation to their primitives. We 
come, then, to our second object of inquiry, via. How are -these 
auxiliary quantities derived fram their prijnitiveB ? 



SECTION II. 

DElllVATlON OB THE ATJXILIAUY QUANTITIEa. DIIFEKENTIAT/ CALCDLU3. 

14. In the questions which oocur in the Ciiloulus, as in the 
Analytic Geometry, tJiere are two classes of quantities which come 
under consideration, 

1°. Quantities which preserve invariably the same value throiigh- 
out the whole course of the operations in which they are employed. 
These 3xe called coastants, and are usually denoted by the first 
letters of the alphabet, as a, &, c, i&c. 

2°. Quantities which admit of different values or different de- 
grees of value in the same expre^isiDn. These are called vtriables, 
and are usually denoted by the last letters of the alphabet, aa x, y, 
z,&o. 

8°. To these must bow be added a third class, viz. the infinitesi- 
m 1 mi 1 y 1 as I Th I h ^h th y y 

tarn tthdy llh ydtm 

nt 1 dttbmThyybh t )q 

ti I y bi dt 

1 Th I ant f wh h te mt q t d th It 

f wh h gl t y 11 b Id mp 1 f / ; 

fi ly m 11 mp w th th m Th fi tely 11 

1 m fa tl q 1 1 t llj mpl y 1 h 1 I 

1 t f 1 1 t ih est b] hm t f I Tl y w II 

nssalyht hit pldyt 

d se th th f th p m t q t f wh h th y 

1 1 1 t i w th wh h tl y 1 Th > m j b 
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derived from, their primitivea by very simple toIgs whicli we now 
proceed to develop, 

16 A variable quantity may be considered as changing ita mag- 
nitude, or as having arrived at a certaia state of magnitade, by the 
i addition or subtraction of the infinitely small quantity 
8 its element. To find, then, the element, or the infinite- 
ly smill mcrement or decrement, by which a variable ia increased 
or decreased at each instant, we have only to find the value of tha 
variable at any one instant, and then in the instant next immedi- 
ately following ; or, which is the same thing, we have only to find 
the values of the variable in any two successive states of ita mag- 
nitude infinitely near to each otiier. The difference between these 
two values will be the element sought. It is called the differential 
of the quantity. 

To indicate the element or difierentiat of a simple variable, we 
write the letter d, signifying difference of, before it. Thus dx in- 
dicates the differential of w, dy the differential of y. If the varia^ 
ble is raised to a power, we place a point after the d ; thus the dif- 
ferentia! of x' is indicated by d. x'. In like manner the differen- 
tial of xy may be indicated by d. xy. 

If the variable is a compound quantity, we inclose it in a paren- 
thesis and place the letter d before it. 

Thus the differential of x-j-y is indicated l.j d(i'^y); the 
differential of 3^'— az by d(x' — ax). 

In all cases the letter d is to bo regarded in the Calculus as the 
sign of a differential, and never as a factor of the quantity before 
which it is placed, or with whioh it ia connected. 

The process by which a differential is found is called differ- 
entia/ion ; and that part of the Calculus which relates to finding 
the differentials of quantities is called the Differential Calr.ulus. 

DIFBEUeNTIATION. 

17. Let it be proposed to find the differential of the quantity 
X ■\- y — I composed of the simple variables x, y, and z. 
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In order to this, let x, y, and z represent the values of the vari- 
ables at any one inatant ; to find Uieir value for the instant imme- 
diately following, we soppose x to receive an increment dx, aod to 
become a: -j- dx; y in like manner to become y -\- dy; and z to be- 
come 2 -\- il:. We thus have 

The second value of the quantity ^ x -{- dx -\- y -\- dy — s — dz. 

From which subtracting the first = x -\-y — z. 

We obtain the differential = dx-\-dy—dz. 

To find, therefore, the difierential of a quantity composed of 
several simple variables of the first degree connected by the signs 
of additioD or subtriiction, we write the letter d before each vari- 
. able, leaving the sign of each unchanged. 

2, To find the differential of the quantity ax -\- hy. 
We have the seooud value of the quantity 

^ax -\- by -\- adx -j- bdy 
Subtracting the first ^ax -\-by 



The differential ^ adx -\- bdy 

Thus, if a variable is rmdliplied or dioided by a constant quan- 
tity, its differential will be multiplied or divided by the same 
quantity. 

3. Find the difierential of ax — y-\-c. 

Secoud value of the quantity ==ax — y-\- adx — dy ~\- c. 
Subtracting the first ^ ax — y-[" "^^ 

The differential ^adx — dy. 

Whence, if a constant quantity is connected u>ith a variable by 
the sign of addition or subtraction, the constant will disappear 
iti differentiation. 

This, it is evident, should bo the case, since a constant, not being 
capable of increase or diminution, can have no diffeiential, oi must 
have for its differential. 

IS. Let it be required next to find the difierential of the product 
in/ of two simple variables. 
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Considering 3: as becoming a: -j-(?3:, and y as becoming y -\- dy, 
we haye for the Becond value of &e quantity 

{x + dx) {y + dy) =xy-^ xdy + ydx + dydx. 
Subtracting the first ;^ vy 

Difference = xdy -\- ydx -J- dydx. 

But, aifice dx and dy are by hypothesis infinitesimals, the product 
dxdy ia an infinitesimal of the seoond order, and must be omitted 
by the side of xdy -j- yAx. The differential will be, therefore, 
xdy -\- ydx. 

In like manner, if there are three factors x, y, z, we shall have 
d (iifs) = xydz -j- xzdy -j- yzdx, 
and so on, for any number of factors. 

In general, therefore, to find the difFerential of a product of sev- 
eral factors, we Jind the differential of each variable factor suc- 
cessively/, and mtdtiply it by all the rest as if they were a constant 
co-efficient. The sum of these partial products will be the differ- 
ential sought. 

19, Let it be proposed next to find the differential of the power 
of a simple variable, x', for example. 

Eor the second valae of the quantity we have 

{x + dx) {x + dx) = j;' + 2xdx + dx''. 

Subti'aoting the first = j^" 

Difference = 2xdx + dx'. 

But dx' is an infinitesimal of the second order and must bo omit- 
ted by the side of 2xdx. Hence, 

d. x^ = 2xdx. 
In like manner d. x^ ^ Zx'dx. 

To take the general case, let it bo required to find the differen- 
tial of X™. We shall hove for the second value of the variable, 

a^m ^ m.x"'-Hx -\- ^ ^^~' ■ h'-'-^x' + &o. 
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From thia subtracting the first, and rejecting the turms multiplied 
by infinitesimals of the second sind higher orders, we obtain 



re, the following i-ulo tij nhich to find the dif- 
ferential of any power of a variable quantity. Miiltiply by the 
exponent, diminish the exponent by unity, and multiply the result 
by the differential of the variable. 

20. Let it now be required to find the differentid of a fraction— . 

Placing the denominator in the numerator the fraction becomes 
3^~'. Applying the preceding rule we obtain 
d.xy~^ = y~'dx — xp~'dy, 
or, restoring the deuominators aad reducing to a common dsuomi- 

X ydx — xdy 

and we have the following rule by which to find tho differential of 
a fraction. Multiply the differential of t/te numerator by the de- 
nominator ; frmn the product sultract the differential of the de- 
nominator multiplied by the numerator, and divide t?ie remai?ider 
by the square of the denominator. 

21. To find the differential of x^. The i-ule, art. 19, applies 
equally to quantities affected with fractional exponents. Thus, 

, \ , -i, dx 

Whence we have the following rule for finding the difiereutjal of 
the squai'e root of a variable quantity ; Divide the differential of 
the quantity under the radical by twice the radical. 

22. The rules above are sufficient for the differentiation of Alge- 
braic quantities. We will now apply them to some examples. 

I. Simple quantities in which the factors are raised to different 
powers, entire or fractional. 
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Es. 1, To find the differential oiaxhf. Wefirst coEsider x^ and 
^' aa two simple variables, ttliicli gives, art. 18, 

d {as^y") = ax'd.y' -\^ ay'd.x^, 
whence, performing the operations, 

d {az'y') = 2a3?ydy -\- Say'x'dx. 

Es. 2. To find tke differential of a-=y^ 

Ans. ixYdy + 2xi/ib:. 
Ex. 3. To find the differential of x°y~'. 

AiiB. 3x^y~^dx — 2x'y~''dy. 

Ex. 4. To fittd tlie differential oPx'y"^. 

Ans. Six^y'^dx — ^2r'y~sdy. 



II. Quantities composed of simple terms connected hy tke signs 

Es. 1. To find the differential of die' -[" ^^° + ^^- Begarding 
iaeh term as a simple vaviahle, we have by art. 17, 

d {ax' -j- ix^ -{- c:cy) = d,.a^ 4- d.h:^ -\- d.cxy, 
)r performing the operations 

■^ ^ax^dx -|- ^^xdx -j- cxdy --f - eydx. 

Ex. 2 . To find the differential of ax^-{-hx-^%. 



:. 3. To find the differential of x'y — ay'-\-b'. 

Acs. , Zx"ydx -\- x'd,y — ^ laydy. 
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Ex. 4. To find tte differential of ax^ -f ■ -^ — ix^- 

I 2adx bdx 

Alls, kax'dx — — , ij— 7— • 

X isfx 

Ex. 5 . To find the differential of 1x^ — ix'y' + -y- . 

Ana. Sbx^'dx — Sxy'dx — 12x'^dy — —^ . 

III. Gompound quantities raised to powers. 
Es. 1. To flad the difl'crcatial of (a + Sa: -f ex')'. 
Kegarding the quantity withia tlie pareutkesia as a simple varia- 
ble, we have by art. 19, 

d{a + bx^cxr = 5{a-{-bx-{^cxyxd{a-\-bx + cx') 
= 5 (a _j- /,a; _|- cx'Y X {^dx -f 2cxdx) 
=^S(a-\-ix-\- cxy {& 4- 2cx) dx. 

Ex. 2. To find the diflercntial of (a + bx'f. 

Ans. 'I {a -|- hs^fhxdx. 

Es. 3. To find the differential of ('ifl.c +a:=)^. 



{2ax + x^f 

:. 4. To find tlie differential of — -? . 

Gaxdx 



Ans. 



{b'+xy 

IV. Compound quantities composed of differeut Victors. 
Es. 1. Find t!ie differential of A■=((^ + to=)^ 
In this ease we regard each factor as a simple variable and fol- 
low the general rule. Thus 

d [x'{a -i- &xy] = {a + bx")' d.x' + x'd (a + bx'Y 

= 2x= {a + bxydx-\- lObx' {a + bx^dx. 
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Ex. 2. To find the differential of r' {a -\- bx'f. 

Ans. 5x''{a + 6x'')^dx -j- ^ Sa;' (a + ia:')^(fx. 



(3a;' -|- a:°) (ii: . 
V. Misoollaneoua e 



Es. X. Find tko differential of (a= + a:=)^ 



Ei. 3. To find tledifaentml of (201 — a')*. 
Ans. 

Es. 4. To find tlie differential of j. 

Ans. 


(» + •/)■ 


(!-»■)■ 



Ex. 5. To find tte differential of li^ . 

, 4xdx 

Es, 6. To find the differential of IHl^. 

An.. ^Jtz^'}^. 
3* 
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THS CAI.CUI.05. 




Sx.7. 


To find the differential Of « + 2*ar 
(. + ».)■ 

AllB. — 


2h-xdx 


Ex. 8. 


TT. i?.. 1 il . I'fV. . . h" . 1 . f^ 




lo Una the aiiiereiitial or ; 












Ans. 


(.■-^/ 


Ex. 9. 


To find (ho differential of 






(! + »')• 


^a: 



Es. 10. To find tho differential of {a'^—x')^. 

xdx 



^adx 
Ans. - . __ --TT-' 

Es. 12. To find the differential of - ^ "!|" '•^ ■. 

BUNCTIONS. 

23. We have, thus far, found tiie differentials of variables de- 
taohed from each othor, or united without mutual dependence. But 
the variable quantities whioh enter into a question are always con- 
nected bj the conditions of the question ; and it is in this relation, 
or as functions of each other, that, in general, we wish to find tlieir 
differcBtials, 
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A variable quantity is said to bo a function of another, wlien 
they are so oonneoted tliat a cliange in tlie value of the one neces- 
sarily prodiioea a change in the value of the other. 

Thus, the height from which a heavy hody has fallen and the 
lime of its fall are evidently so connected, that a change in one 
necessarily involves a change in the other. The time is, therefore, 
a function of the height ; and conversely, the height is a function 
of the time. 

In like manner, in the equation j/ = aii-\-l, y and x are so con- 
nected that they must vary together. They are, therefore, functions 
of each other. In general, when an equation subsists between sev- 
eral variable quantities, any one of tbem is a function of all the 
others. 

A quantity, it is evident, is a function of all the quantities, vari- 
able or constant, on which its vaiuo depends. It is usual, however, 
to name the variables only. 

To indicate simply that a quantity, y for esamplc, depends upon 
another, a:, for its value, we inclose the x in a parenthesis, and 
place before it some one of the letters^ F. tp, 'p, &c. Thus, 

y=m>y=Fi^),y = 'P{x), &c. 
are read, y equal to a function of x. 

The letters/", F, 'p, &c. when they occur in this connection, are 
to be regarded simply as signs, indicating that y is found by certain 
operations upon x and the constants connected with it. Thus if in 
the equation, y=f(x), we have fix)-^a3?, y is found by raising 
X to the third power and multiplying the result by a. If f{x) = 

~ — ^^, then y is found by adding a to the square root of a: and 
dividing Ihe result by I. 

To indicate that two variables x, y, for esamplc, are mutually 
dependent, we write 

f{x,y) = Q, F{^,y) = 0, &o. 
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wliich are read ftinetioa [x, y) = 0, &c. If there are three vari- 
ables, as .r, 3/, 2, we write / {x. y, z) ^ 0. 

When several variables are functions of each other, we may as- 
Hgn at pleasure values to one or more of them, from which those 
of the otters may be determined. The variablea thus selected are 
called the iTidependent variables, the others the dependent variables. 

Thus in the equation y=:as-\-b, if we assign any arbitrary 
values to x, thoso of y will be detormioed by them, In this case 
X is the independent, y the dependent variable. 

24. EuDotiona, in respect to the manner in which the quantities 
are connected with eaflh other, are divided into two classes explicit 
and implicit, 

A function is said to be explicit when the operations to be per- 
formed upon the variables, in order to obtain the value of the func- 
tion, are directly expressed ; and are, therefore, manifest without 
the neoeEMty of solving an equation. Thus y = ax~\-b is an ex- 
plicit function. For it is obvious, at once, that in order to find y, 
we must multiply xhj a and add b to the product. 

An implicit function is one in which the operations, necessary to 
obtain lie value of the fauction, are not directly expressed, but 
must be determined by solving an equation. Thus ^ is an implicit 
fijnction of x in the equation 3^ -\- 2xy -|- a° ^ ; for in order to 
determine the mode of its dependence upon x, we must solve the 
equation, 

25. Functions, also, with respect to the operations which prodnce 
them, are divided into two classes, algebraic and transcendental. 

Algebraic functions are those which are formed by the first five 
processes of Algebra, viz. .additioa, subtraction, multiplication, di- 
vision, and the raising to powers entire or fractional, 

The elementary forms of thrae functions are 

y=a-\^x, y = a — X, y = ax, y^''-,y^x'\ y = ^. 
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Transcendental functions are those whicli are not thus formed. 
They are of different kinds. Their names, with the most simple 
forma of each, are as follows, 

Exponential, as yt=a'; 
Logarithmic, as ^ = logar; 
Circular, as y = ain x. 

26. FunctioBS are also distinguished as increasing or decreasing. 

An increasing fimotion is one which is increased when the vari- 
able is increased, or decreased when the variable i 
Thus in the function, 

if the value of x is increased, that of y will ! 

the value of x is diminished, that of y will also be. diminished. 

A decreasing function is one which is decreased when the vari- 
able is increased, and increased when the variable is decreased. 
Thus in the function, 

y = (B.'—x'y, 
B& the value of x is increased, that of y is decreased, and as x de- 
creases the value of y ii 



MFFBRBNTrATIOS OF I 

27. Let it now be required to find tiie differential of the function 
y^ia-}- x)\ Here, it is evident, we must consider y as becoming 
^ -]- iy, when a; becomes.! -j- da;. We shall have, therefore, for 
the differential of the fiinotion 

dy = ^{a-\-xyd:.. 

By means of this equation a relation, it is evident, is established 
between-the indetermiQates dy and dx. Dividing both sides by dx, 
we have dy o. , ,s 
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Thus, although dy and dx are both mdeterminate, and no absolute 
valacs can, therefore, be assigned to them, the ratio of dy to dx has 
a determinate value expressed by 3 (a -[- x)". 

The differentiala of variables connected by equations, are found, 
it is evident, ia the game manner, as when tJiey stand alone. The 
rules which have beea given are sufficient, therefore, for the differ- 
entjatjoa of all Algebraic functions. 



SECTION 111, 



28. We have now seen the niture of the auxiliary quantities 
employed in the Cilculas their adaptation to fhur ol jact and the 
manner m which they are deiivi-d from their piimitive" "We pro- 
ceed nest to Baow by some examples the aid derived from these 
auxiliaries in thi, solution of qo. stiona 



29. Thispobl n miy be enunciated as follows 

To determtTie Jor each point oj a plane cm-ve, the equation of 
which is given, the direction of its tangent. 

This -problem early engaged the attention of Mathematicians. A 
few particular cases are readily solved by common Algebra. But 
ite general solution by aid of the ordinary analysis, is very difficult. 
The effi:)rt to effect this eolntion was one of the most important as 
well as immediate steps toward the invention of the Calculus. We 
wOl now see how the object is accomplished by aid of this instru- 
ment. 

30. Let AB be the given curve, AX the axis of a;, A the origin, 
M the given point, and AP = x, PM = y, ite oo-ordinatea. 
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'Ho draw a iangent to the cnrve 
AB, we oonceiTe this curve to be 
a polygon of an inlnite numbei" of 
infinitely small sides. Let M.m be 
one of these sides. The prolonga- 
tion of Mjn will be a tangent to 
the onryo at the point M. Let Mm "f ■ A S P Q. X 

be produced to meet ihe asis of a-, also produced, in the point T. 
To find the ciiroction of the tajtgent MT, it will be sufficient to de- 
teimme tlie value of the fiuhtangent PT. 

To find PT, draw the ordinate pw, and draw Mr parallel to AX. 
Then, since Mm is infinitely small, Mr = Pp, and rm will also he 
infinitely email ; and we shall have Mr = dx, and rra.;^ dy. 

But the infinitely smaSl triangle rMm is similar to the finite tri- 
angle PTM, and ^^ . j,jj . . pj|/[ ; pf 
or dy : dx : : y : PT ; 



whence 



PT = j/ 



(1) 



an equation for the suhtangent to any point M of the curve. 
Let the equation to the curve be 

which is the equation of the ellipse referred to the vertes A. 
Differentiating this equation we obtain 

from whicli we deduce 



2A"i/ 



(2) 



Substituting tliis value in equation (1), we obtain 
B"(A — 2.) 
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Thus we have obtained an espren&Iuti for tte aubtaiigeat to tto 
ellipse in terms of the co-ordirutea x and y, and the eonstantfl 
which enter into its equation. We may now eliminat« one of tlicse 
co-ordinates, y for example, by means of the eijuation to the euiTC, 
which gives finally a t — r' 

a result precisely the same with that at which we arrived, though 
in a manner far less expeditious, by common Algebra. 

If the preceding solution be examined with attention, it will be 

1°. That an equation for the problem has been established, with 
great facility, by aid of the infinitely small quantities Ax and dy 
employed ae auxiliaries 

2°. These auxiliaries ■iie dernei from the quintitiea whirh pii- 
marily come under considci ition lu the [loblem \\l the cc oidi- 
natea x and y of the p3mt on the i/Ui-ve through whith the taa^^ent 
is required to be drawn 

3°. By very simple rules deduced fiom their lelation to their 
primitives, we have been able, from the equitiOQ to the curve to 
find the ratio, dx to dy of these ausilmiies in terms of then primi- 
tives and the constants which enter mto the equ'ition 

4°. By means of the ratio thua tound, we hive been enabled, 
after they have served thpir puipoae to eliminate the indetcimi 
nates dx:, dy, or the ausiliarie^ employed, and the result is left aa 
it should be, in fiaite and deteiminute terms 

31. The expression for the subtangent PT equation (1) ipplie',, 
it is evident, to all plane lurves refeired to rcUangulai eo-oidm'ite'f 
Hence, for a particular cuive, we hive only to fi.iid the value ot the 
ratio dx to dy, substitute and reduce, as in the preceding example. 
The value of this ratio, it is evident, can always be found when tlie 
equation to the curve is given, For if we differentiate the equation 
there will result, it is easy to see, two liinda of terms only, viz. 
1°, terms multiplied by dx; 2°, terms multiplied by dy. We shall 
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be able, therefore, in every particular ease, to eliminate the incle- 
tcrminatea employed, and obtain the aubtangent, finally, in terma 
of X, y, and constants only. The problem is, therefore, completely 
solved. 

Ex. 1. Find the subtangeat to the common parabola, the equa- 
tion of which is J/' =! 2px. Ans. ^x. 

Es. 2, Find the subtangont to the ellipse, when the origin is at 
the centre, and the equation A^y' -\-W3? ^ A?W, 

y° — A° 

Ex. 3. Find tie subtangent to the circle, its equation when it is 
referred to the centre being i/ -\- x^ ^ R^. ^t jj^! 

Abs. . 

Es. 4. Find the subtangent to the curve xt/ ^=.a'. 

Ans. — X. 

32. In the solution of the problem of tangents, above, we have a 
simple illustration of the peculiar feature of the Caloulus, its dis- 
tinction from common Algebra, and ita power aa an instrument of 
investigation. 

1°, That which belongs exclusively to the Calculus in the solu- 
tion is the employment, it is evident, of certain infinitely small 
quantities as auxiliaries to fecilitate tie establishment of an equa- 
tion for tie problem ; and tho use of special rules, derived from 
the relation of these auxiliaries to their primitives and designed to 
effect their final elimination after they have accomplished the object 
for which they are introduced. All the other processes, or opera.- 
tjona, are merely those of common Algebra, 

2°, The power of the Oaleulus is seen in tho remarkable facility 
with which the problem is solved ; and, especially, in tho extreme 
generality of the solution, — one simple and easily obtained differ- 
ential expression being sufficient to give the tangents to all plane 
curves, referred to rectangular axes. 
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S3. Since the tangent to any point of a curve makes a right 
angle with, the normal, the direction of the tangent will, also, be 
known when that of the normal is fouad. 

Let it be required, then, as a second solution of the problem pro- 
posed, to find the subnormal PQ to a^iy point M of a plane curre 
AM. 

Tte same notation being cm- 
ployed as before, we have from 
the similar triangles Mrm, MPQ, 
dx : dy : : y: PQ ; 



whence 



PQ = ! 



^z' 




9k differential equation for the subnormal PQ common, it is eyident, 
to all plane curves. Having established this equation, the problem 
is now reduced, aa in the case abovei to a simple problem of analy- 
sis) via. ; the elimination of the infinit^mals dx and dy employed 
as auxiliaries. This, as we have seen in the preceding solution, niay 
always be done by voiy smiple and uniiorm methods Foi any 
particular curve we have only to differentiite the equation to the 
curve, deduce the value of the ritio ol dy to dx, substitute, and 
reduce as in the prcci.,ding examples 

Es. 1. To find the subuormil fo the ellipse, the equation to the 
curve being A-Y = B= {Kx — x% g. 

Ans. PQ = j5(=iA-x). 

Ex. 2. Find the subnormal to the parabola, whose equation is 
y^=2px. Acs. p- 

Es. 3, Find the subnormal to the circle, the equation being 
jy' _U a;S __- j^3_ Ans. — X. 

Es, 4. Find the subnormal to the hyperbola whoso equation is 
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34. In ite triangle mrM (fig. art. 33) we have, radius being 1, 
l:T::M.r:rm-:dx:dy; 
whence T = -2, 

in whicb, T is the trigonometrical tangent of the angle niMr, or 
which is the same thing, the angle MTP, which the tangent line 
MT makes with the ajsia of x. The value of T being found m 
finite terms, hy means of the equation to the curve, the direotion 
of the tangent will be known. We thus have a third dilution of 
the problem proposed. 

Ex. Let the equation to the curve be y'' =ix, to find the direc- 
tion of the tansent. 1 

^ T = -;-. Ans. 

To draw a tangent to any point on a curve whose equation is 
^ven, it will, in general, be found most oonveaient to employ the 
expression for the suhtangent PT. We have found the expressions 
for the subnormal PQ, and the trigonometrical tangent T, chiefly 
as an additional esercise for the learner upon the problem of 
tangents. 

MAXIMA AND MINIMA. 

S5. The greatest value of a variable quantity is called a mari- 
mum-, the least a minimum. 

Problems concerning maxima and minima are among the most 
important that ooeur in analysis, and in the practical applications 
of mathematics. In further illustration of the Calculus we pro- 
ceed to some problems of this description 

Ex. 1. Let it be required to divide a number a into two parts 
such that their product may be the greatest possible 

Let X ^ one of the parts, then a — a- ^ the other, and we have 
fbr tie product 
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but, by bjpotliesis, Qua product is now the greatest possible ; its ia- 
ciement, or differential must, therefore, be zero, and we have 

d{ax — x')=Oi 
or performing the differentiation, and reducing, 

The product, therefore, is the greatest possible, when the number 
ie divided into two equal parts, as we have seen already io Algebra. 

Es. 2. To divide a number a into two parts such that the sum 
of the squares of the parts shall be the least possible. 

Let X = one of fie parts, then a — s; ^:^ the other, and by the 
question ^^ ^ {a — xf = a miaimmn ; 

the quantity being the least possible, its differential will be 0, and 
■we have ^ j^^^ _|_ (^ _ ^.y^ _ q ; 

whence, differentiating and reducing. 

The number, therefore, must be divided into two equal parts. 
Es. 3. It is required to find a fraction such that the fraction 
shall exceed its cube by the greatest possible quantity. 
Let X represent the fraction ; then by the question 
z — 3r' = a maximum; 
and d{x—x')=(i. 

Ans. The fraction is the square root of one third. 

36. The preceding method consists, it is obvious, in finding from 
the conditions of the problem the ezpression required to be a masi- 
mum or minimum, and then putting the differential of this exprM- 
sion equal to 0. It will be easy to see how we are to proceed in 
similar cases. In the following examples we employ two unknown 
quantities, in order to obtain with more facility the espression re- 
quired to be a maximum or minimum. 
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MAXIMA AND MINIMA. 

Es. 1. Among right triangles of l3ie same Lypothenast 
mine tbat which has the greatest area. 

Let a = the given hypotiiemiise, x one of the aidea i 
other; then x' -(-«'= a' ; (1) 

and by the question \xy^ a maximum, (2) 
Differentiating this last, and reducing 

xdy-{-ydx=<i; (3) 
an equation involving both dx and dy. Differentiating, 
tiie first equation we obtain 

xdx -f- ydy = ; (4) 
eliminating dx, for example, from (3) by means of (4), we obtain 

x^dy — y'd\/T=Q; 
whence x=^y. 

Ans. The two remaining sides must be equal. 

Ex. 2. A tin-smith was ordered to make a cylindrical vessel, 

which should hold a given quantity, a gallon for esample, and be 

(he lightest possible ; required the proportion between the radius 

of ite baae and height. 

Let (? be the required capacity of the vessel, x its altitude, y the 
radius of the base ; then ny'x = c" ; and the surface ==; ty° -|- 2nyx. 
And since the tin-plate ia of uniform thickness we shall have 
sty'' -f- ^Tiyx == a minimum. 
Ans. The height of the cylinder must be equal to the 
radius of its base, 

Ex. 3. Among parallelopipida of the same surface and the same 
altitude, to determine that whose solidity is the greatest. 

Let f? be the given sarfiiee, h the given altitude, and x and y, 
respectively, the sides of the base ; then 

2kx-\'2hy-[-^xy = c^; 
and kxy = a masimum, 

Ans. That in which the base is a square. 
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J3s. 4, A carpeDter tas a quantity, a feet, of boards wliioli te 
wishes to make .into a bos, ttat shall be of the greatest possible 
capacity. What must be the form of tlie box ? 

By the preoeding problem it is evident that the base of the bos 
must be a square ; and it remains only to determine the relation of 
the altitude to a side of the base. 

Ana. The box must be a cube. 

37. From what has been done tlie following miscellaneous exam- 
ples will now be readily solved. 

Ex. 1. To divide a number 2ffl into two parts such that the sum 
of the square roots of the parts shall be a maximum, 

Ans. Tie number must be divided into two equal parta. 

Es. 2. To divide a given number a into two factors the sum of 
which shall be a maximuni. 

Ana. The two factors must be equal. 

Ex, 3. The difference between two numbers is a ; required that 

the scjiiare of the greater divided by the less shall, be a minimum. 

Ana. The greater is twice the leas. 

The preoeding examples have been solved by the prooeaaea of 
Algebra exclusively, 4.igb \\i 119 Let the learner now compare 
the two methods 

Ex. 5. A grntleman prachased a garden plot to be aet off to him 
in the form of a rcctin{,lc, with the ainglo condition that the sum 
of two contiguoua sides must be cqu^l to 50 rods. What dimen- 
sions must he take for the sides m order to secure the gi-eateat 
amount of land for his bargain, 

Ans. Each must be equal to 25 rods. 

Ex. 6. A gentleman has a park in the form of a ti-iangle, the 
base of which is a feet, and the perpendicular b feet. In this he 
wishes to make the gi-eatest i-ectangulai- garden possible, one of the 
Bides of which is to be on the base ; it is required ia find how many 
feet from the vertex the other aide must be drawn. 

Ans. — feet; or the perpendicular must be bisected. 
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INTE6HATION. 



We shall velum to a more full discussiou of the question of 
minima, as well as to tiiat of tte problem, of tangents. 



SECTION" IV". 



S8. In tte preceding problems, the quantities eouglit enter 
directly into the differential equations formed to aid in their solu- 
tion. "We ha¥e, in conseijiienoe, been able to eliminate the auxil- 
iaries employed, by the prooessea of ordinary Algebra alone. But 
there are numerous problems," and among them some of the most 
important that can be presented, in which the quantities sought do 
not enter thus directly into the differential %qnationa obtained, but 
only indirectly ihrough their di&erentials. When this is the case, 
our only resource for the complete elimination of all the auxiliaries 
employed, is to go back, by a reverse process, from the differential 
equations finally obtained to the primitive or finite equations from 
which the differential equations must be regarded as derived. 

Let s be the quantity sought, and let the differential equations 
first obtained be reduced ultimately to an equation of the form 

ds=f{x)dx; 
here, the only method by which we can eliminate the auxiliaries 
employed, is to reverse tho process by which this equation must be 
regarded as derived from the finite equation which it is our object 
to establish. 

We have already solved for simple algebraic quantities the gen- 
eral question, — Given a variable quantity to find its element or 
differential. We are now led to a second general question the re- 
verse of this, viz. — Given the element or differential of a variable 
quantity to find the quantity itself. 

39. Since a variable quantity is supposed to arrive at a determi- 
nate magnitude by the successive addition of its differential or ele- 
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ment, tho value of tHe variable, at any particular stage of its iu- 
crease, will be equal, it its evident, to the sum of all the elemen- 
tary portions wMcli are supposed to be uuited iu ite formation. The 
process, therefore, by which wo determine the value of a variable 
quantity from its element, or which ia the same thing, by which we 
return from the auxiliary to its primitive, is called Integration — 
a summing up. The result obtained is called the sum, or Integral ; 
and that part of the Calculus which relates to tlie finding of inte- 
grals is called the Intbqiial Calccldb, 

INTESRATION. SIMPLE QUANTITIIB, 

40. Au integral is iadicated by placing the letter f, signifying 
sum of or integral, before tie diflerontial expressions. Thus, fz'dx 
indicates the integral of xMx. 

1. To find tiie integral of a differential quantity we reverse, it is 
obvious, the process of differentiating. Thus, since we find the dif- 
ferential dxoi a; by writing the letter d before the x ; conversely, 
we find the integral of dx by removing the d from before it. 

2. To find the mtegral of ^x^dx. By art. 19, 

d. 3:^= ^x'^'dx = 23?dx. 

Conversely, tJierefore, f'ixHx^—^ i=x'. 

In like manner d.af" = mx'^'dx. 

Conversely, therefore, 

mdx — ^ 

To find, tterofore, the integral of a monomial differential of the 
form maf^'dx, we have the following rule, 

Increase the exponent of the variable ly unity, divide by the 
exponent thus increased and by the differential of the variable, 

41. We have seen, (art. 17), that if a variable quantity is affect- 
ed with a constant factor, the differential wUl be affected with the 



f" 



v"^^dx = 
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same factor. Tlie converse will be the ease, tlierefore, in tlie pro- 
eoHS of integratioB. Tims, 

fa&x'dx :^ ali/ar'dz = I ahx^. 

If then the quantity to be integrated is affected with a constant 
fiiotor, this factor mav be placed without the si<^ of integration. 

It has been se m that a nataat quant ty nneoted 

with a variable by th s gn -j- — ^3 ppea n th i cess of 
differentiation. TlutK mdff ntlinyn.w to everal 
integrals, wtich 1 ff t n h th 
In the process of t ■n-at n th f a 
to the result obta n I Th th nt o 
written ^c/ d =a. -{- tant 

or Za fx^dz = 03? Jc C, 

C being the constant necessary to complete the integral. The con- 
stant is entirely arbitrary so long as it is undetennined, and is, 
therefore, called the arbitrary constant. But when the Calculus is 
applied to the solution of a real problem, the conditions of the 
problem will enable i\s always to determine the constant. WKen 
the constant is thu& detoimineJ, the.integrai is said to be corrected. 

42. Let it bo rer|uiied, foi example, to integrate the function 
d-y=: adx, the diflerential equation of tlie right line. From what 
hae beea said we have fji the general integral 
y = = + C. 

If now the right line is required to pass through the origin, for 
tie value ce = 0, we have ^ = 0, which gives C = also. We 
i, for the corrected integral 



If the right line is required to intersect the asis of y at the dis- 
ance h from the origin, then for ai ^ 0, y = b, and the corrected 
ategral is y^ax-\-h. 
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The value of the oonstant must, it is eTident, ho so determiried 
aa to be true for every value whioh can be attributed to the yari- 
ables, In general, therefore, if tte constant be correctly determin- 
ed for any one value of the variables, it will be determined for all. 

In tlie examples which follow we omit the constant. It will be 
reoollectod, however, that a oonstant must always be added to the 
integrals obtained, 

43. Let it be reqnired next to integrate the quantity — j. TMa 
retairns, it is evident, to x~'dx: ; wteuoe 



/I 



=/x-'>dx=- 

In like manner 



/adx 



The rule fails in the caso wKere we have — to integrate, 
shall show hereafter the value of this particular integral. 
To find neit the integral of ax'dx. We have 



/5^-'^= 



Thu^if the differential of a variable be divided by the square 
root of the variable, the integral will he twice the square root of 
the variable. 

COMPLEX QUAHTITIES. 

44. The differential of a quantity composed of several terma is 
equal, we have seen (art. 17), to the differential of the several 
terms taken eaoh with its proper sign ; conversely, therefore, the 
integral of a differential expression composed of several differential 
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terms wiU he equal to the sum of the integrals of the SEparate 
terms, taken each laith Us proper sign. 

Ex. 1, Let it be required to find the integral of tlie function 

du ^= adx 5- -|" ^ '^s'l 

fdu:^=fadx — / — 5 — \-fxdx; 

wHetioc u^ax4- -r—i 4- |a^, 

Ex. 2. To £ad tiie integral of the fupction 
du = ax'dx -^-x'^dz-^-^. 



Ans. u = iax" - 



1 



45. Lot it be required next to find the integral of tlie function 
du^={6x-}-cxydx. 

Expanding the quantity witliin tlio parentiieais and multiplying 
by dx we obtain 

du = IVdz -j- 2bcz^dx ~{- c'xHx ; 
whence ui=lVx' -\- Jic^*--j- |c'a:*. 

In general, if a polynomial be of the form (a -j- hx-\- cx?..)"dx, 
n being a positive whole number, to find the integral, we raise the 
quantity within the parenthesis to the given power, multiply each 
term iy dx, and then integrate each term separately. 

Ex. 1. Find the integral of {a-\-hxYdx. 

Ans. t^x -\- abx" -\~ JiV. 

Ex. 2. Eind the integral of (l-\-2x-{- 3xydx. 

Ans. ar + 2ar= + yai'+3a:'' + ?r'. 
■ 46. We have seen, (art 22), tliat in order to find the differential 
of the power of a polynomial, we multiply by the espoaent, di- 
minish the exponent by unity, and then multiply by the differential 
of the polynomial. Convorsely, therefore, if in a polynoinial dif- 
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ferentiiil, tlie quantity outside the pareatiiesis ia tha differential of 
that within; to find tie integral, Increase the. exponent of tke poly- 
nomial by unity, divide hy the exponent thus increased and by 
the diffei-ential of the polynomial. 

Ex.1. Thus to fiod the ictegi-al oi 2>{ax-\'X'')\adx-\-2xdx) 
we haTe 

r-^f L .v=. ^ 1 o J X 3{ax^-T^f+\ adx + 2xdx) 

= {ax + x'^y. 
Ex. 2. To find the integral of {a + ^x^fQwdx. 

Ana. k{a-\-^x^)\ 

Es. 3. To find the integral of {a-\-x''-\- x=)=(2^ + ^x") dx. 

Ans. i{a + ^° + ^')''- 

2. The rule ia equally applicable, if the qaantitj without the 
parenthesis is the differential of that within, multiplied or divided 
hy a constant quantity. 

Thus. f{a + ^xyxdx=}-,{a -{- Zx^. 

Ex. 1. Find the integral of {a -j- bx^fxdx. 

bb 

Es. 2. Eind the integral of {a -f- },xydx. 

Ans. ■i{a-\-lxf. 
Es. 8. Eicd the integral of {a'—x'fxdx. 

Es. 4. Find the integral of ^{a-\-hx — cxy{h^2cx)dx. 
Ana. ^(a-\-bx — ex''Y. 

3. The rule also applies equally when the exponent of the poly- 
nomial is fractional, positive or negative. 

Ex. 1. To find the integral ^.f (.^+^££)1^. 
{ax-^x^ 



{a.>: + xr 

= 2aiax + x= 
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Ex. 2. Tmi tlie integral of {a'^xy3:dx. 

Ans. I {a^ + j;^)^. 
Es. 3. Find the integral of — -■^'^— -. 

^''+'"' A„. (.. + ,,4. 

Es, 4. Find tlie integral of 3 (a* — x'fxMx. 

1 
Ex. 5. Find the integral of (a -^ bx''fmxd:c. 

Ans. _{a4-;K'')6. 

Es, 6. Find ilie integral of (« + bifyx'^-'dx. 

The preiieding rules are sufficient for tlie iotegration of the mon 
simple Algebraic functions. We shall now apply them to the so 
lution of some problems. 



SECTION V. 



APPLICATION or THK ISTEQRAL CALCnLTIS TO TUB SOLUIIO-S' 

or puOBLEMS. 
47. We are now prepared for the complete solution of the prob- 
lem with which we couimenced (ait. 2), viz. 

To find the space through which a body, acted upon hy gravity, 
wiU descend in a determinate time. 

Patting dt for the infinitely small element of the time, and ds for 
the corresponding element of the space, we easily obtain, in the 
manuer already explained, an equation for the problem, viz. 
dsz=gtdl, (1) 
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in which s, the quantity souglit, enters onlyhy its differential (ij which 
with dt is employed as auxiliary to the establishment of the equa- 
tion. To eliminate the auxiliaries ds and dt, we must now go hack, 
by a reverse process, from the differentials of which the equation is 
composed, to the finite quantities from which thej are derived and 
tho relation of which we wish to determine. In other words, we 
must apply to this equation the process of integration, for which we 
have obtaiced tte necessary rules. Performing the operation we 

*"" .= isf+C. (2) 

To determine the constant C, it wiii he observed that when i :^ 0, 
we shall have, also, s^(>. That is, there will be no constant to 
be added ; and we shall have finally 

s= li;t\ (3) 

Tbu*! thi. space through which a body, acted upon by gravity, 
will des<,end in a given time is equal to the square of the time 
multiplied by \g, g being the veiooity acquired by the body in 
the hrst instant of time, and found by experiment to be 32.2 feet 
n»ilj. 

It will be easy to see the part performed by the Calculus in the 
solution of this problem. We pass next to some problems relative 
to the determination of areas, the volume and surfaces of solids, 
and the rectification of curve lines. 

QTJADEATUna OF CUKVBS. 

48. The guadrature of a curve consists in finding for it an 
equivalent rectilineal area. When this can be done in a limited 
number of finite terms, the ctirve is said to be qitadrahle, and may 
be represented by an equivalent square. 

Prob. To find the area of a plane curve referred to rectan- 
gular co-ordinates. 
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Let AP'M' be the curve aurfiice 
whose area is sougbt. Let PM he 
any ordinate of the curve, and AP 
the corresponding abscissa. Lot Pp 
be the infinitely small increment or 

differential of the abscissa AP. Draw 

the ordinate pjw. Then P^?nM will be A- i / 1 A. 

the infinitely small increment or differential of the surface APM, 
corresponding to the increment Pp of the abscissa AP. Bnt Pp 
being infiDitcly small, Mm will, also, be infioitely small. And the 
curve being considered a polygon of an infinite number of infinitely 
small sides, M«i may be regarded as one of these sides, and the 
figure T?p?nM will be a trapezoid. Putting A for the area sought, 
AP = 3;, PM = w, we shall have 



<?A = ^-E±^ 



XP^ = 



-^i±Jy- 



X dx = ydx + 






"Batdydx h an infinitely small quantity oF the second order com- 
pared with ydx, and should, therefore, be struck out. We shall 
have, then, for the eijuation of the problem, 
dA = T/d:c. m 

Th qnat a to the curve being given, ive shall next be able to 
find th \u i y in terms of 3:, 01 the Takie of liK in terms of y 
&nl dj S b t luting either of the,se values, that of y for example, 
m eq at n (1) we may then, by the process of integration, elimi- 
nate th auK 1 es employed, and the problem will be completely 
solved. 

Es. 1. To find the area of the common parabola, the equation to 
which, p being the parameter, is y^ ^px. 

Deducing the value of y from this equation, wo have 
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04 TJIE CALCtrLt7S. 

whence by substitution in the csprcssion fur ^A, 
dA-^^p^x^dx; (2) 

taking the integral we ohtain 

A = |-yy+C. (3) 

To determine next the constant, if wc put x ^= 0, the surface A 
will bo ; whence the coiistiint C = 0, aud we ha¥e for the cor- 
rected integral 2 1 a 

A = -s-7J^a?; (4) 

which giyes the suriaoe reckoned from the point A, or from the 
vertex of the parabola. 

49. Let it now be supposed, which is the moat frequent ease, 
tiat we wish to find the value of the surface between certain limits, 
as the area PM M'P' comprised between the ordinates PM, P'M', 
for which we have, aa corresponding values of a:, x^a, x^h. 
Substituting a and i successivelj in the indefiaite integral (3) and 
aabtraeting the former of the values thus obtained from the latter, 
we obtain, still retaining A to indicate the area sought, 

J, = ^pk>+C-^piJ-C = ?gp\i'^J). (5) 

When the value of an integral is taken between two successive 
values a and b of the principal variable, the original espression is 
said to be integrated between the limits x^a, x ^b; and the 
integral, thus obtained, is called a definite integral. 

Thus the value of A, obtained in equation (3), is an indefinite 
integral ; that obtained in (4) a corrected integral, and that obtain- 
ei.! in (5) a definite integral. 

In the process of finding the definite integral the constant is 
necessarily eliminated by the subtraction. In general, if wo wish 
to make the constant disappear, ive give two successive values to 
the independent variable, and take ike difference between the tivo 
integrals corresponding to these values. 
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53 



To indicate integration between limits, or (liat tho definite inte- 
gral ia required between the limits z^ a, x^b, for example, 
we write the letters a and b with the ago of integratioQ thus, / . 

If, for example, the integral of the quantity nx^dx is required be- 
tween the limita x = a, x = 5, we have 



r. 



'j'dx^lnb' — \'na'' ^\n{P — a'). 



50. Let us take next the general equation ffl"~'j/ = a^", which 
represents the whole family of parabolas. 

We obtain in the same manner as above, the area being reckoned 
from the vertex, ^ ^n+i 

or, substituting y for its value from the equation, 
, 1 

Prom this result, it will bo seen that all parabolic areas are 
quadrable, tha.t is, they can be esproased in terms of the co-ordi- 
nates X aud y. They are also a determinate part of the circum- 
scribed parallelogram expressed by the fraction — t-^. Thus, in 

the common parabola « = ^ ; whence A = Iry ; or the area, as we 
have before seen, is equal to two'thirds of the circumscribed par- 
allelogram. 

If n ^1, the parabola beoomes a right line, and A ^ ^xy, the 
area of a triangle in which x is the base and y the altitude. 

51. The quadrature of the parabola was discovered by Archi- 
medes, and his solution is memorable as being the first complete 
one for the quadrature of any curve. A comparison of the methods 
pursued by him to attain this object with the solution we have jost 

3d, will strikingly exhibit the aid we derive from the Calcu- 
We proceed to some additional examples of qnadi-atures. 
5* 
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54 THE 

Ex. 1. To find the area of 
tion y^^'j: — x'. 

The curye is of the fonn 
n the figure. It 
!S through the origin, and 
i of X, at the 
= — 1. 
ing between the limifs ,t = 0, a: = l, we ohtain i for 
tlie area OMR. Integrating between *- = 0, x = ' — 1, we obtain 
OmR' equal also to J. Thus the whole area between R and K', or 
the limits a:^ 1, x^:= — 1, is J. 

Ex. 2. Find the area of the cuj-ve y = x^ — ¥x. 
IThe curve is of the same general form with the preceding. And 
its area between the limita a:^ 0, x = b, is ib^. Between x^ b, 
x=~b,itklb\ 

Ex. 3. To find the area of tie curve y = x' + ar*. 
The curve meets the axis at the origin, and intersects it at 
x:^= — a. Its area between x = 0, x = — a, ia^^a^. Between 
3:^0, a:= + s,itis,X- 

Es:.4. To find the area of the curve ay ^= x [a" ~ x')h. 
The curyo is called the knot. Its general form is that of the 
figure eight. It intersects the axis at the origin, and at x =a, and 
x = — a. It consists of four branches and the whole area is Ja^ 
Ex. 5. To find the area of the curve y=^x{x^ — a^f. 

Ans. i{x' — a?)'+C. 
Let the learner construct the curve geometrioaOy and find its 
area between the limits a: = 0, x = a. 

Ex, 6. Find the area of the curve xif ^= a', between the limits 
y = i, y = c. ..„,S — c 



2a''- 



bc 



Ex. 7. Find the area of the curve 
limita x^O, x^b. 
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Es. 8. Find the area of the curve ?/ = 5 + (x — 3)^ lietween 
the limits x = 3, k= 12. Ads. 63. 

Es. 9. Find the area of the curve y^ax". 

Ans. Ixy. 

II. CUBATURB OP SOLIDS. 

52, The cuhature of a solid is the finding its solid contents, or 
the cube to which it is equal. 

To find the volume or solid contents of a solid of any form, we 
consider the solid as made up of an infinite numher of infinitely- 
thin parallel segments, any one of which may be regarded as its 
element or differential. 

Pros. 1. To find the volume of a solid of revolution. 

Let the solid ho generated by the 
revolntion of the curve AB about 
AX, the axis of x, taken as the axis 
of revolution. Let AM be any arc 
of the generating curve, AP =^ x, 
PM = )/. A V P -X 

The area of the eirele which has PM for its radios is iry'; and 
if this area be laultipiied by dx = Pp, we shall have the volume 
of an infinitely thin segment of the solid, which will be its elcmeafc 
or differentia]. Putting V= the whole volume of the solid, we 
liave dY = nfdx, (1) 

which will he the differential equation for the problem when the 
curve is revolved about the axis of x. If the curve is revolved 
about the asis of y, we obtain in like manner for the equation 
dY = -^x'dy. (2) 

It will he easy to see how we are to proceed to the complete 
solution of the problem in any particular case which may present 

Es. 1. As a first example, let it he requii-ed to find the solidity 
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of a prolate spheroid, or that formed by the revolutioa of an ellipse 
about its major axis. 

From the equation of the ellipse referred to the centre, viz. 
A.'y' -\- Wx" i^ A'B', we obtain 

substituting la the general equation (1), we obtain for the ellipsoid 

whence by iategration and reduction 

Intimating the solidity from tho plane passing through the ceatre, 
we have for ar^O, V=0, and consequently C = 0; whence, 
taking the integral between the limits x^O, z^A, we obtain 

V = g™B'x A; 
whence, doubling to obtain the whole ellipsoid, 
2V = S^B'X2A. 

But JiB° expresses the area of tie circle described on the conju- 
gate axis, and 2 A is the transverse axis; hence the solidity is 
equal to two-thirds of the circumscriied cylinder. 

If we suppose A = B, we shall obtain the solidity of the sphere 
= IfR' X 2B, E being the radius of the sphere. 

Ex, 2. To find the solidity of an oblate spheroid, or that genera- 
ted by the revolution of an ellipse about the minor asis. 

Substituting, in the general equation (2), the value of *° derived 
from the equation of the ellipse, we have foe the required equation, 

dY = .^,iII'-,/)dy; 

and we find as abovo n 

2T = -|-»A-X2E, 

or, tile solidity equal to two-Uiiids tlie circiimBoribed cjlinder. 
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Es. 3. To tiod the solidity of a paraboloid, tlia ec[iiatloii to the 
parabola being y^-^2px. 

bove we obtaia 



V =7rpar-f- C. 
Reckoning from the vertex the constant will be 0, And if wc in- 
= 0, zs=h, we obtain 
Y = nph\ 
= the ordinate corresponding to k, and substituting for p 
s value, derived from the equation b' ^ 2^/i, we obtain 



that is, the solidity is equal to half ike cylinder of the same base 
and altitude. 

Es. 4. To find the solidity of a right cone with a circular base, 
the equation to the generating triangle being y = ax. 

Ans. Area of the base into one-third the altitude. 

Es. 5. To find the volume of the solid generated by the revolu- 
tion of Ihe cubical parabola, y'^ ex, about its asis. 

Ans. Three-fifths of the circumscribed cylinder. 

53. From what has been done, it will be easy ia see how we are 
to proceed in other oases. 

Pros. 2. To find the volume of a solid other than that of revo- 
lution. 

Es. 1. Let it be required to find the solidity of a triangular 
pyramid. 

Let i' represent the area of the base, h the altitude of the pyra- 
mid, and X any distance from the vertes. The area of the section 

at the distance x will be -^j-, and we shall have 
dY = ^^ dx, 

from which we find the whole solidity equal to the area of the baae 
by a third of the altitude. 
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Ex. 2. To find tU solidity of tJie groin. 

The groin is a solid generated by a variable rectangle, the pUne 
of which moves always parallel to itself. 

Let the variable rectangle be a square ; and let the two co-ordi- 
nate Beetions perpendicular t« the base through the middle of the 
ofiposite sides of the square be equaJ scmieireles. Let A be the 
vertex of the groin, x the distance, from the vertex, of any section 
parallel to the base, and y''^2ax — x' the equation of the circle 
referred to A as the origin. We shall find for the clement 

dV = 4:{2ax — x^)dj:. 
Taking tlie integral between a: = 0, x^a, we obtain 



Tho problems to which we have thus far attended have been 
solved either by aid of the Difierential Calculas alone, or the Inte- 
gral Calculus alone. We now proceed to others that will require 
the aid of both. 

III. RECTIFICATION OF CURVE LINES. 

54. To rectify a curve line is to deteiinine its length, or to assign 
a straight line which shall be equal to it, or to any proposed arc 
of it. When this can be done in a limited number of finite terms, 
the curve is said to be rectifiabh. 

PaOB. To determine the length of any arc of a curve in terms 
of the co-ordinates of its extremities. 

Let AM be the arc, AP = a; 
PM = y. llegarding the curve 
AM as a polygon of an infinite 
number of sides, let Mm be one 
of these sides ; Mm will be the 
element or differential of the arc T 
AM. Let AM = z, then My 
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Draw the ordinate pm, anil draw Mr parallel to Ap ; 
Mr = dx, rm = ily, and we have 

for the differential of any arc of a curve. 

55. As a first example let it be proposed to find 
for the reoti0eation of the parabola, whose equation is y'^sax". 

Deducing the value of x from this equation, differentiating, and 



squarmg, ■ 



e obtain 



a the general equation, we have 
tegration 



the indefinite 
the arc from the 



To find the value of the constant, we reckon 
tes; which gives j/^0, 8=0; whence 

?;(i)>+c=o, 



' and we have for the aorrectsd integral 



'27 V ^^ 4 J 



27' 

If we now wish to determine the value of the arc between eer- 
tain limits, y = l>y y =c, for example, we put, in the indefinite in- 
tegral, j;=S, y = c, successiyelj ; and subtracting the former of 
these valuta from the latter wc obtain the definite integral sought. 
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56. Tills curve is remarkable as beinrr tlie first, the icciifii'atio!! 
of which was found. The discovery alone was sufficient to give 
celebrity to the name of Neil, an English Geometer, by whom, in 
iibout the year 1660, it was made. The problem is well adapted 
to illustrate the nature and power of the Calculus. As iii the casa 
of tlio problem of tangents, we remark, 

1°, It is impossible to establish directly the relation between 
the arc, whose length is sought, and the co-ordinates of its estremi- 
ties. Thus tke resources of Algebra fail to furaish an equation for 
the problem. 

2°. But the relation between the differential of the are and tbe 
differentials of the co-ordinates, the auxiliaries introduced by the 
Calculus, is readily established; and thus an equation for the 
problem is very easily obtained. This is 

dz = {dx'-{^dy-)^. (1) 
3°. By aid of tJie Differential Calculus we are enabled to elimi- 
nate one of tha indeterminates dx, which gives 



& = ij(l + ||)l (2) 



4°. By aid of tiie Integral Calculus, we aro then able to elimi- 
nate the remaining indeterminates dz, dy ; and we thus obtain, 
finally, an equation free fi'om the indeterminates, or ausiliaries em- 
ployed, and in tenns of the finite quantities given by the coiiditions 
of the problem. This is 



8flA , 9hV 8a 



(3) 



and the problem is thus completely solved. 

We see in this problem also the peculiar province of the Calculus. 
It consists, 1°. In the introducfioa of certain auxiliary quantities, 
in order to facilitate the forming the equations of the problem. 2°, 
In deriving the auxiliaries in such a manner from their primitives, 
the quantities under consideration in the problem, that, after having 
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performed their office, their elimination, in virtue of tlio la,w of 
their derivation, is readily effected, and a solution of the problem 
ia thus obtained in finite and determinate terms. 

57. From what has been done, it will be perceived that there are 
three classes of questions whicU we have to eonsider ia the Calculus. 
1°. Those which can be solved by aid of the Differential Calculus 
alone. 2°, Those which can be solved by aid of the Integral Cal- 
culus alone, 3°. Those which require the aid of both ; the Differ- 
ential Calculus being necessary to prepare the equations for the ap- 
plication of the Integral Calcnlus, This latter class ia by far the 
most numerous, or the general class. 

IV. BUEEACBS OF SOLIDS. 

68, We pass next to the quadrature of tlie surfaces of solida, 

PiiOB. Let the surface he that of a solid of revolution. 

Let AB be the generating curve, B_, 

AX the asia of revolution. Regard- ™. 

ing (he curve as a polygon of an in- ^/l\ 

finite number of infinitely small sides, / i : 

let M«?, as before, be one of these / ' j 

sides. In the revolution of the arc L ! l 

Am, Mra will describe an infinitely A i P A 

small zone or surface wEich will be the element or diflerential of 
the surface of the solid. 

Employing the same notation as before, the circumference of the 
circle which has PM or y for its radius will be ^ny. We have 
already found M.m = (dx' -|- dy^) ^. We shall have, therefore, for 
the surface of the zone ^ny [dx^ -\- dy^)^ . Putting S for the whole 
surface, wc shall have, then, for the equation of Ihe problem 

59. Es. 1. Let it now bo proposed to find the surface of the pa- 
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raboloid, or the solid produced by the revolution of aii arc AM, 
of a, parabola about its axis. 

From the equation of tke parabola y' =^2px, we obtain 

, 5 ^J^ 

~ p" 
Substituting this in equation (1) we obtain 

iS = ^j.i!,(j' + p')'\ (2) 

whence by integration 

S=|(j' + P')'+C; (3) 
and taking the integral between the limits ^ = 0, 7/= b, we have 



Ek. 2. Let it be proposed nest to find tlie surface of llio sphere. 
The equation of the circle, referred to the centre as the origin, is- 

Differentiating, substituting and reducing, we obtain 

whence by integration S = IjiKz -\- C. 

Takiog the integral between the limits x= 0, a: ^ E, we have 

and between the limits a:=0, x = — "R, 
S= — 2™EI 
The sign — in this second espression, wHeh is perfectly symmet- 
rieal with the first, shows merely that the two parts represented by 
them are situated on opposite sides of the plane passing through 
the centre. Adding these without reference to their signs, in order 
to obtain the whole surfece, wo have 
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fiat is, the surfaee of the sphere is equal to four great circles, oi 
equal to the curved surfac* of the circuuB scribed cylinder. 

Ex. 3, To find the surface of the parabolic conoid, the etiuation 
of the generating curve being y' = lax. 

Ana. l^a\(x + af~-h 



SECTION Vi. 



relation to them. The differentials thus obtained are called second 
differentials. In like manner we eraploj, as the exigencies of the 
problem may require, the differentials of the second differeatials, or 
the third differentials, and so on. 

To indicate the second differential we repeat the letter d before 
itfl first differentia!, thus ddx; or which is better, by placing a flgnre 
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2 by the aido of the d first employed, in the niniiner of an exponent. 
Thi;s d^x indicates tlie second differential of x, aod is read second 
differential of x. In like manner (S^ indicate the third differen- 
tial of s:; and so on. 

61. Let us now see the manner in whicli these successive difi'er- 
entials are obtained. 

The successive changes of a variable quantity may each be infin- 
itely small and yet he unequal. For, as we have seen, though the 
magnitude of two infinitely small quantities cannot be assigned they 
may bear to each other any ratio whatever. 

Let us, then, consider a variable quantity in three successive 
states infinitely near each other. If x represent thefli-st, the three 
will bo represented as follows 
1st. gtate X 
2d. x + dx 

3d. x^dx-^dx-\-d{dx). 

m which d(dx) represents the differential of dx and m infinitely 
small in relation to it. 

If we now subtract the first of these from the second, we have 
for the result dx. If we subtract the second from the third, the 
result will bo dx -\-d{dx). Thus we have for two successive dif- 
ferentials ^^_ana dx + d{dx); 

subtracting next the first of these from the second in order to obtain 
the second differential, we obtaia 

d'x^d{dx). 

To obtain, therefore, the second differentials, we differentiate the 
first differentials according to the rules already given. 

Es. 1. Let it be proposed, as an example, to find the second dif- 
ferential of xy. Taking the first differential, we have 

d[xt/)=xdy-{-ijdz; 
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regarding nest dx and dy as variables as well as x and y, and dif- 
ferentiating again, we obtain 

d.^'ixy) = xd'y + 2dx<ly + yd''x. 
Ex. 2, To find the second differential of 3?. Proceeding in like 
manner we obtain 

d'(x') = '2xd'x -\-2dx'. 

The learner will carefully distinguish hetweea the notation d^x 
and dx' ; the former denoting that x has been differentiated twice, 
and (he latter indicating the square of dx, or the square of the first 
differential. 

62, We proceed in like manner to difforcntiate a quantity con- 
taining first differentials, whether itself the result of an exact dif- 
ferentiation or not. 

Ei. 1. To find the differential of xdy. 

dixdy) =^ xd^y 4- dxdy. 

Es. 2. Find the differential of ^. Ans. ^ — ^^. 

Es. 3. Find the differential of — . Ans. ^ ^. 

dy dy dy 

We proceed in a manner altogether similar to fivid the third, 

fourth, &c. differentials. 

63. The differential equation dy =/' (x) dx, derived from an 
equation J/ =/(j;) between two variables j/ and z, delermines, aa 
we have seen, only the relative value of the differentials dy and dx. 
We may impose, therefore, upoa one or the other of these differen- 
laala any condition or restriction not incompatible with the equation 
by which they are connected. It is usual to assign a constant 
though indeterminate value to one of the differentials. This will 
greatly simplify the calculations in which these diflsrentials oeeue. 
For the differential of a constant being 0, all the terma affected 
with the second differential of the variable, the first differential of 
which is regarded as constant, will be 0, or disappear. 

6* 
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Es. Find tlie successive differentials of the functioit y ^ a^f, on 
the supposition that dx has a constant value. 
dy =6ax''da: 
^y =^2iiax'dx'' 
d'^y=SOax'dx' 
d^= 120axdx* 
d''y = \20adx'' . 
a terminates Sim's the last differential no Ioiiitt 
Hh 1 ff t t w 11 te t w th tl t 

wh h 1 L I tl bl 



Here the operatic 
conta I g 

diffei t 1 f th f 
Thus f b th 
of th ec d BO 



hi 



In 



b t 



ttw I a 



11 t! t th 



variabl wh fi t d ff 



64 I tl 
Sax" d t m 
and that of it 



In like n 
timea dJ^^, ( 



r ss di = 5 i f d b th fli 
th It 1- t th dff t 1 ftl t 

ariable ; that is, dy is equal to bax* times d:c, 

-f- = 5aJ.. 
dx 

r the second differential of the fuiietion is 2 
f2 = 20.:,>. 



The quantity which expresses the ratio hotwaeu the dill'erential 
of the function and that of its variable is called the Jirst differen- 
tial coefficient. That which expresses the ratio between the second 
differential of the function and the square of the differential of its 
variable is called the second differential coe^cienC^ and so on. 
Thus Soa:* is the first differential coefficient of y^ car*, 20fla;° is 
the second differential coefficient, GOax' the third, and so on. 
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Tiie successive differential coefficients are coznmonly read thus, 
du by dx, second du by dx' ; and so on. 

Ex. 1. To find the successive differential coefficients of the func- 
tion u = ax" — ba? -\-cx — e. 

Ans. ■~-v=Zax'' — 2i.e-f-c 



dx" 
Ex.2. Find the fourth differentia! coefficient of Sa;' — ^x" — 5x. 

Ans. 192. 
Ek. 3. Find the third differential coefficient of the function 
M=: ra^. Ans. n{n—\){n — 2) ax'^\ 

In some cases, it is more convenient to employ the differential co- 
efficients, instead of the diffcrentifils of the functions it is required 
to consider. 

PARTIAL BIFFERENTIALS AND DirFERENTIAI. COB) I'lnilSTH. 



65. Wc have sometimes occasion to differentiate a fuaction with 
reference to a part only of the variable which enter into it. 
The result is called a partial differential. The differential co- 
efficient, supposing one of the variables only to change its value, 
is called a partial differential coefficient. 

Ex. 1. Let it be required to find the differential coefficients of 
the funetioa u = x^y^, in relation to x and y severally. 

Considering first x to vary and y to remain constant, and then y 
to vary and x to remain constant, we ph.ill have for tlie partial 
Ecients sought 

. Let it nest be required to find the differential coefficients of 
ie last in relation to y and x respectively. 
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- = Ax2j. (4) 



08 THE CALCULUS. 

Considering in the first x and dx as constant, and in 
y and dy as constant, we obtain 
d\ _. . 

Tlie Older in whict tho differential a appear in the denominator 
indnate tte order in whieli the operations liave been performed. 

66 Since we leturn from the differential eoeffieicnt of a funetion 
to its differential by simplj multiplying the eoefficient by the dif- 
ferential of the variable, we may represent the differential of a 

function u ^f{x) by the notation -^dx. Thus the partial differ- 
entials of the function u =f(x, y) will bo expressed by -5— dz, 
-,-Ay respectively. And since the total differential of a fanctiou is 

equal to the sum of its partial differentials, we stall have for the 
total differential of a function u ^f{x, y) 

the du on the lefit being inclosed in a parenthesis to indicate that 
the total differential la meant. 

67. Instead of the preceding notation, a partial differential may 
be indicated by placing, by tho side of the d and a little below it, 
the letter with reference to which the differentiation is made. Thus 
dscW indicates that k is differentiated with reference to x only ; di^u, 
that it is differentiated with reference to y only. 

For the total differential we shall have d^d^u, &o. or more simply, 
(du). To indicate the differential coefficient we may write, in like 
Manner, the letter c by the side of the d and a little below it. Thus 
dcU represents, generally, the differential coefficient of u ; d^^u its 
differential coefficient with reference to x only. 

A function u and its variable x are sometimes not given in the 
same equation. Thus let there be the two equations of the form 
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u^f{y), y^(f{xj, for csample. To find the differential co- 
efficient of M in relation to x, the method which first presents itaelf 
is to elitninate the y between the equations, before applying the pro- 
cess of differentiation. The differential coefficient may be obtain- 
ed, howefsr, without this prefious elimination in each particular 
ease. Differentiating the equations u=f{y), y^^(x), represen- 
^ii^g I'y f'{V)y ¥{^) the coefficients nf dy and di^ respectively, 
substituting and dividing, we obtain 

du -,, . ,, , dii du dy ,„, 



The formula (2) will be found of frequent v 
general, it will be observed, that if three quantities are mutually 
dependent upon each other, the differential coefficient of the first 
regarded us afnnntion of the third, will be equal to the differen- 
tial coefficient of the first regarded as a function of the second, 
multiplied hy the differential co'fficient of the second regarded 
as afitnction of the third. 

E%. Let V = bu', u = ax'. To find the differential coefiicient 
of V considered as a fiinetion of a:, we have 

ax du dx 
68. If in the equation u=f{x,y), we have u=(l, then 1^71=0, 
and from equation (1) we have 

du , , du , . 
-^ dx A- -^ dy =^ Q ; 
dx dy •' 

dy du , du .„, 

hence rr = ^ir '^ ^- (**) 

dx dx dy 

By means of this formula we may readily fiud the differential co- 
efficient of an implicit function, f{x, y) = 0, without resolving the 
equation. To apply the formula we put the function ^ u, take 
the differe^itial coefficients in relation to x and y respectively, di- 
vide fheformerhy the latter and change the sign of the quotient. 
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Es. 1. FIqiI tlie differential coefficient of the fiinetioji 

1/ — 2 mxy -\--j? — (^ = (), 

Am. f%^SI^£. 
t/x y — mx 

Ex. 2. To find the differeDtial coefficient of the function 

if — 3aS7; + x= = 0. ay — x" 

Ana. -f — ^, 

),= — ac 

The differential coefficient, as in the preceding examples, will 
be usually expressed in terms of a: and y. If the coefficient is de- 
sired in terms of x only, y may be eliminated by means of the 
original equation. 

Ex. S. To find the differential coefficient of the function x' -{- 
y' — E^ = 0, ill terms of x only. ^ 

Ek, 4. To find t!ie differential coefficient of the function 

Ans. — 1. 



SECTION VII. 

API' LIGATION OP THE 



69. A function is said to be developed, 1°. when the operations 
indicated are performed, or, 2°. when for these are substituted 
equivalent operations upon quantities more simple, and which fol- 
low each other according to some determinate law. 

GiTie means of developing by some simple process a complicated 
function, is a matter of great importance in the business of calcula- 
tion. Algebra hag furnished, in the Binomial Theorem, important 
aids to this purpose for all functions of the form 3/ = (a -j- x)", a 
being any number entire or fractional, positive or negative, 
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By means of this theorem we obtain with great facility the de- 
velopment required in finite and determinate terms, when the exact 
development is possible ; or, when this is not the case, in a series 
of such terms following each other by an obvious law, by means of 
which the development may be obtained with such degree of ap- 
proximation as we please. 

The Differential Calculus cDables us to prepai-e other theorems 
for this same general object, more comprehensive and important. 
To some of these we shall now attend. 

MACLAniUB'S THEOltEM. 

70. To begin with the most simple case, let yz=:tp{x),hc a func- 
tion of one variable. The function when developed must, it is evi- 
dent, contain different powers of x combined with the constants 
which enter into it. As the most simple form, let us now see if tlie 
function can be developed according to the ascending powers of x. 

Supposing the development possible, let us put 

j, = A + B^fC^' + I'^'+ (1) 

A, B, C, &c. being, respectively, the coefficients of x, which we are 
now to determine in such a manner that the development will be 
true, whatever value we assign to x. 

Differentiating successively, and passing to the differential co- 
efficients, we obtain 

J = B 4- 20.1: + 3Dx' -f- 4E.t^ + &c. 
^ = 2C + 2 . SDa; + 3 . iEx' -|- &c. 

:^' = 2.3D4-2.3.4Ei^ + &c. 

Now aace the development is required to be true for every 
value of x, it must be true for the particular value x = 0. Let 

then (j/) represent what ^becomes when 3; = 0, l-^l what -i 
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becomes on tLe same hypothesis, and so on ; we shall tlieii Iiave 

whence by substitution in equation (1) 

71. Such is the Theorem of Maclaurin. Wc will now apply 
it to a few particular eases. 



Es. 1. Let it he r. 


squired 


to develop y = . 


i 


,ccording to 


the ascending 


; powers 


of a;. 


( 




We obtain for the 




ve differential coefficients 




dy 

dx- I, 


1 

. + :.)• 


.i= 


2 d?y 
(a + xf'd^' 


2. 
-(« + 


^- 


whence makii 


lg^ = ( 


3, and s 


ubstituting in the 


general 


formula (2), 


wc obtain 


1 


1 


-7+?-5 


\ H- ^'^' 





Es. 2. Develop y^{a'-\-bx)^, according to the 
powers of x. 

We have for the successive differential eoefficienta 






r-TfCo'+^r 



&c. = &e. 

Putliiig in these results x=:0, restoring the denominators, 

substituting in the general formula (2), we obtain 

, , , , ,1 , hx iV , iV 

(.■+Si)> = a + ^- +--i-4..,.. 
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Ki, D. 


Let us take, 


as a tliud example, 


y- 


We hav 


■e for tile successive diJFereatial c 


000 






»(<■ + «)■-'. 








'«(»-l) {« + »•) 


.-, 



=(,.+..)-. 



Sabstituting, as before, we olitain 

{a + ar = a» + ma— x + m -'~ «"-' x' + &c. 

oc the Binomial Theorem. Tkus the tkeorem of Maclaurin com- 
prehends the Binomial Theorem. We shall make more important 
applications hereafter. W!iat has been done is sufficient to show 
the nature of the theorem and the utility of the Oalculua in ob- 
taining it. 

The theorem of Maclaurin has been obtained on the supposition, 
that when x^O, the function reduces to a finite quantity. When 
this is not the case the theorem .cannot be employed for the develop- 
ment of the function. 

This valuable theorem was discovered by Sterling in 1717, but 
appearing first in a work on Flusions by Maclaurin, it has usually 
been attributed to him, and has gone by his name. 

TAYLOK'S THtOUEiJ. 

72. As a second example of the use of the Calculus in the prep- 
aration of formulas for the development of functions, we proceed 
to investigate a theorem for the development of a (unction of the 
sum or difference of two variables. 

In order to this we remark that, if we have a function of the 
Hum or difference of two variables x and y, the differential coelli- 
cieut will he the same, whotlier we suppose x to vary and y to re- 
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Dia.in constant, or y to vary and x to rcinain constant. For exam- 
ple let tlie function bo 

Differentiating, supposing :c to vary and y to remain constant, we 
Lave j„ 

differentiating in lilce manner, supposing y to vary and a,- to re- 
main constant, we have 

in mliicii tlie differential coefGcient is obviously the same, as on tho 
first supposition. 

This being premised, let 7i' =if {x ~\- y) he tlie proposed func- 
tion, in which y is either positive or negative ; and let u-^f{x) 
represent the value of the function when y = 0. 

The development will consist, it is evident, of terms in x, y and 
constants ; and it is proposed to obtain the development in terms of 
X and the ascending positive powers of y. Supposing the develop- 
ment possible, let us put 

«'=.A + B7, + C;,= + D<y^+&o. (1) 
in whioli the coc&cicnts A, B, 0, &o. are independent afy, but de- 
pendent upon X and the constants which enter into tlie primitive 
function. It is now required to find for these coefficients values 
frach, that the development will bo true for all possible values which 
may bo attributed to x and y. 

Difierentiating equation (1), on the supposition that x varies and 
s constant, and dividing by dx, we shall have 



dx 



1 -^"^ ^^x 



DiiTerontiating again, supposing y to v 
staut, we obtain 
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But by the preceding principle we have 

dv' du' _ 

tence we shall have 

But since the coefficients of this series are independent of y, and 
the equality exists whatever tlie value of y, it follows that the 
t«rms which involve the same powers of y in the two members must 
al. We shall have, therefore, 



~ = B (3); ^ = 2C (4); ^ = 3D (5); &c. 
dx "• " dx ^ ' dx ^ ' 

If now we make j/ ^ in the proposed function u ^=f{x -j- y)< 
since we have put fix) = ji, we shall have A =^ u. 
Substituting for (^A in (3) we have 

^=t^ («) 

substituting next for rfB in (4) its value derived from (0) wc obtain 

J. £. 

1 . ^ d£'' 
In l-:ke manner wc obtain 

and so on. ~ T^TF ST^ ' 

Buhstituting next in (1) the values of the cocFBcicnts A, B, C, &o. 
thus obtained, we shall have finally 

, du , d'u w' , d'u w' , . 
"=" + £!' + © 1^2 + &r2J!+*''- 
in which if ^ is negative the sigas of the alternate terms will be 
changed. We have thus reached the theorem required. 

This tiieovem was first given by Dr. Brook Taylor, and for that 
reason it is called Taylor's Theorem. Jt is of the greatest value 
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in the development of functions. On another account, however, a 
higher interest ia impartecl to it. It is susceptible, though with far 
less fecility, of being demonstrated by common Algebra, And being 
thus derived, Lagrange has made the whole structure of the Calcu- 
lus to rest upon it. 

73. We shall now show, in a few simple examples, the applica- 
tion of this theorem. 

Es. 1. To develop the function u'^(x-\-yy. 

In this case u will be equal to a:*, and we shall have 

du J -J <p!c ^^ _;] d'u -| - ^ 

Substituting these values in the theorem and restoring denomina- 
tors, we obtain 



(.^+iy-=^'+4 



16 



Es. 2, To develop the function (x -\- y)". 

Ans. The same as by the Binomial Theorem. 

Es. 3. The theorem of Taylor may be applied to (he develop- 
ment of the function u ^f{x), when x receives an arbitrary in- 
crement h and becomes x -\- k. To obtain the development we have 
only to substitute A for ^ in the formula. 

74. In the demonstration of Taylor's Theorem we have supposed 
the coefficients A, B, 0, &c. of y and its powers to he/tmte quan- 
tities, in order that the corresponding terms in both sides of equa- 
tion (2) may be equated. If then such a value bo assigned to the 
principal variable as to make any of these coefficients injinite, the 
theorem will not hold good ; or, in other words, for that particular 
value it is said to fail. 

Other theorems still more eomprehensive, as those of Lagrange 
and Laplace, have been derived, by aid of the Calculus, for the de- 
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velopmeot of iunctions. The subject ia one of the greatest in: 
tance. But our limite will not permit us to proceed furtSier. 



SECTION vni. 

APPLICATION OB THE BIFrEERNTIAL CA1.CUHJS 10 THE P1L0BI.EM 0? ■ 



75. We return to the problem of masima ami mimim, In the 
examples thus fer considered, we Jiaie assumed that the quantity 
proposed admits of a masimum or minimum ts the enunciation of 
the problem implies. The pro^'ess, wt have seen, is piecisely the 
same, whether it be the cue oi the othei whuh la lequired borne 
moana must, therefore, be founil, by which to distinj^-uiah one of 
these cases from the other. To this we now procted 

A quantity, it is obvious, may go on increiimg eontmualjy in 
which case it will have infinity tor its masimum , or it miy de- 
crease continually, in which case it will hue inhnity negative for 
its minimum. It is usual, honever, to exclude these cases and to 
define a masimum and minimum as followa 

1°. If a variable quantity gndually incip^^>ea until it has reach- 
ed a certain magnitude and then gradua'ly decreases, at the end of 
tho increase it is called a maximum 

2°. If a variable quantity gradually decreases uutil it has reach- 
ed a certain ms^nitude and then gradually increases, at the end of 
the decrease it is called a minimum. 

The characteristic of a maximum, then, ia, that it is greater than 
the values which immediately precede and follow it ; and of a mini- 
mum, that it is less than the values which immediately precede and 
follow it. 

Ey means of this characteristic, when a quantity is suseeptible 
of a maximum or minimum, we are able to determine whether it 
has the one or the other. 
7* 



.■..Google 



'O THG CALCULUS. 

Es. 1, Let the quantity bu 8j^ — x'; to deterrame its 



Applying the process already explained we have 

whence a: = 4. The proposed has, therefore, a maximum or mini- 
mum for a: s= 4. To determine wliich we substitute values for x, 
as follows 

Tor x=-\, ^x — x'= 7 

a; = 3, 8,e — 3:==15 

a: = 4, 8x — x''^=\(i maximum. 

x = 5, as — a^'=15 

a.- = 6. &!: — a;'' = t2 

x = 7, 8.e~x'= 7. 

Here, as we substitute successive values for x, the values of the 

proposed increase until we reach 16, after which they decrease. 

The value 16 is greater than those which immediately precede and 

follow it. Tlie quantity is, therefore, a masimum when a: = 4. 

For a closev substitution let x ^ 3. 9, for which we obtain 8x — 
a;'^15. 99; and again let a; = 4.1, for wliich we obtain also 
15. 99, values very near 16, hut still less as before. 

For a still closer trial Jet a: t= 3. 99, a; ^ 4. 01 respectively ; 
the corresponding values of 8a; — a:' will bo each 15.9999. Thus, 
however close the substitution, 16 we find will still possess the 
characteristic piopeity ot a maximum, 

Ex. 2. Let the quantity be a:' — 6*- -|-- 10- 
Applying the procc'is and substitnting values for x, as above, we 
find that the proposed has' .i minimum for a: = 3. 

MAXIMA AND MINIMA OF FUNCTIONS OF ONE VAKIABLE. 

76. We proceed nest to maxima and minima of functions of one 
independent variable. 

Every function of one independent variable, as y =f(x), may 
be represented by a curve of wliich x and t/ arc the corresponding 
co-ordinates. 
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Thus the function being i-epresented by the curve (fig. 1), if the 
ordinate increases until it becomes PM and then decreases, PM will 
But if (fig. '2) the ordinate decreases until it be- 
lud then inereases, PM will be a 



M 



3 to decrease, or 



K V A P 

The same circumstanees of increase and decrease may be repeat- 
ed. Thus a function will have as mauy maxima or minima as the 
number of times it ceases ti 
ceases to decrease and begins 

It will be observed, moreover, that wlien the ordinate PM be- 
comes a inasimum or minimum tbe tangent to the point M is par- 
allel to the asis. Thus the question for finding the maxima and 
minima of functions is reduced to that of finding at what points on 
a curve the tangent is parallel to the asis. The general solution 
of the problem presents, therefore, all the difficulties of the problem 
of tangents of which it forms a part. The efforts for its solution 
in connection with tliat of tangents tended directly, especially in 
the labors of the great geometer Format, to the invention of the 
Caloulns. 

77. Resuming the solution of the problem nnder this point of 
view, the question is to find, on the curve that represents the func- 
tion, the points at which the tangent is parallel to the asis. 

We have seen, art. 34, that -p,or the first diflerential co-efficient, 

espressos the value of the trigonometrical tangent of the angle 
which the tangent makes with the asis of x. In the case, then, of 
e shall have 
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since, when tke tangent ia parallel to lie asis, the angle wtieh it 
makes witk this line is 0. 

To determine, therefore, the maxima or minima values of a func- 
tion y=f{x) of a single variable, we put the first differential co- 
efficient equal to 0, and find tke roots of the equation thus formed. 
The roots of this equation will give all the values of x that will 
render y a maximum or minimum. 

Es. 1. Let lis take, as an example, the function y^x^{5 — x), 
represented by the curve in the figure. 

Differentiating this equation we 

Putting X (10 — ^x) = 0, we have 
for the roots of the equation x = 0, 
x = ^l. 

Substituting z^O in the equation, we obtain yrr=(\. Substi- 
tuting nest . 1 and — .1 for x, we obtain . 049 for the value of 
y immediately following and . 051 for that immediately preceding 
xs=ii. The function, therefore, will be a mhtimumtorx^O. 
lu like manner we find that it will be a mnximiim for x ^ 3j. 

Es. 2. Find the value of x which will render y a maximum ia 
the equation y^ \Gx — x". Ans. x = b. 

Es. 3. Find the value of x which will render y a masimum or 
minimum in the equation 

y = z^~ ISx' -\- 9Qx — 20. 
Ans. a: =4 renders the function a masimum, and 
x = S renders it a minimum. 

78. In the problem of maxima and minima there are, as we have 
seen, two questions to be considered. 

1°. To determine when a proposed function is 

[". To establish an easy criterion by which to distinguish tl 
u the other. 
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In the case of functions of one independent variable, the tlicorcm 
of Taylor enables «a to investigate a general method for tJieau two 
objects, entirely independent of tlie theory of tangents. 

Before pvooeding to this investigation, we rcmarlc, that in the 
development, by the theorem of Taylor, of the function 7', =y"(a:), 
whea X receives an arbitrary increment k ; via. 
du (fw k' dhi. h^ 

such a value may bo assigned to the increment h that any one of 
the terms in the development shall be gi-eater than the sum of all 
the terms which follow it. 

Commencing with the second, the terms of the series may be 
written thus 

/'hi, rf'w h I dh', h' ] I \i 

[s + 5? • o ^ £' ■ raTT + *"'7'- 

Here, since, if k bo taken equal to 0, all the tcrcDs within the 
parenthesis affected with h reduce to 0, h, it is evident, may be 
taken so small that the sum of ail the terms affected with A shall 
be less than the term — which is independent of A. Putting this 
sum. equal to M we shall have, then, 

-r-">M; whence -;- A"> ilA; 

ds "^ dx -^ 

that is, by taking A safficientiy small, the second term in, the series 
(1) may become greater than the sum of all the terms which follow 
it. In like manner it may be shown that any term in the serira 
may become greater than the sum of those which follow it. 

Returning to our purpose, let the proposed function bo i/^/{j.), 
which we suppose now at its masimum or minimum. Let x bo first 
diminished and then increased by a very small quantity h. Then 
X — A will be the value which" immediately precedes, and x-\-h 
that which imniediutely follows x. 
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Designating the coi-responding values of y by y', y", we 
for tlirec contiguous values of the function. 

5=/(j:-i), y=/W. ,/=/(,, + /.), 
in whicli y', y" are the same functions of x — h, x -|- A that y 
X, and whioh may be calculated by Taylor's Theorem. 
Developing by this theorem we obtain. 

(Py h' ^ d'y 



-y+£'' + i 



=1.2.3^ 



dy .j_ d-y fi' d?y }i? . , 



Now in order that y =zf(x) may be a 
the values of y" and y' must be both greater or both less than tlie 
value of y. That is, transposing y in the developments which gives 



-y = 



^j_ h' , fy h" I 
^ dx^ 1.2 "■" di= 1.2,3 "^ 



"i'^ + 



d^y h^ d^y ft' 

i ~ 11= 17273 " 



y" - — y and y' ■ — -y must be either both positive or both negative. 

But k being taken such that any term in these two developments 
shall be gi-eater than fJie sum of those which follow, the signs of 
the two, it is evident, will depend upon the sign of the first term 
in each or -^/t. And since the signs of this term are opposite in 

tlie two developments, the one being -j- when the other is — , and 
the converse ; therefore, in order that there may be a maximum or 
a minimum it is necessary that the value of x should be such as to 

render -^f>, or which is the same thing, -r^, the first differential 
dx '^ dx 

coefficient, equal to 0. We shall have, then, for the condition 

sought ^±^Q. 

dx ' 
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the roots of whioli will give all the values of x which, substituted 
in the fuDction, will render the value of i/ a masimum or a mini- 
mum. Thus the fii-st of the proposed questions is answered. 

2. To determine nest a criterioa hy which to distinguish the 
maxima from the minima. 

The condition -2^0 being fulfilled, the developmenta above 
reduce to 

. __ I A /'" I t.„ . 



' -?'=7 



i-v=^- 



d^'1.2.: 



in which the signs of the sum of the terms will depend upon 

—H , which has the same sign in both developments. If then 

dx" 1 .'2 

the value for a,- which has reduced -^ to renders -^ negative, 
dx dx 

the values of y" and i/ will both be leas than y, and the function 
will be a maximum. But if the value for x renders _^ po^itim, 
then the function will 1: 



To complete the investigation it is necessary to remark, that the 
value for x which reduces the first differentia,! coefficient to 0, may 
reduce the second to also. In this case, it is evident, in order 
that there may he a masunum or minimum, that the tliii-d diffei-en- 
tia! coefficient must also reduce to 0. And this condition being fiji- 
filied, we must then look to the fourth differenfia! coefficient to de- 
termine whether the function is a masimuni or minimum, in the 
same manner that we have already done in reference to the second, 

The two objects proposed are now accomplished, and we have the 
following rule by which to determine the maxima and minima of a, 
proposed function. 
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1°. Find ihe first differential coefficient, and putting this equal 
to Oyjind the roots of the equation thus formed. 

2". Substitute the roots successively in the second differential 
coefficient. Each root that gives a negative result mill, when sub- 
stituted in the function, 7nake it a maximum; and each root 
which gives a positive result will make it a minimum. 

3". If either root reduces the second differential coefficient to 0, 
(Ae« substitute in the third, fourth, ^c. until one is found lohich 
does not reduce to 0. If this differential coefficient be of an odd 
order, the root will not render the function either a maximum or 
minimum.. But if it be of an even order and negative the func- 
tion will be a maximum ; if positive a minimum. 

79. We pass to some examples. 

Ex. 1. To find tlie values of x wiiieli will render y a masiinura 
or minimum in the fanctioii 

;/ = :c=_at'-[-24:!;— 16. 

Differentiating we have ^ = 3.K' ~ 18^ -[- 24. 
Putting tlie second member equal to 0, and reducing, 

Resolving this last we obtain x = 4, a; =; 2. 
For the second differential coefficient we have 
^| = 6x — 18. 

Substituting 4 in this we obtain 6, a positive result. Substitu- 
ting nest 2 we obtain — 6, a negative result. The proposed will 
have, therefore, a masimum for x = 2, and a minimum for x=si. 

Ek. 2. To find the values of x wliicli will rcndoi' y a maiiiniim 
or minimum in the function 
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Puttiog the first differential cioefScient equal to 0, and dividing, 
we have x^ — 4^^ -j- Sx' = 0, 

or x'<x' — 4:X-J^d)=0; 

the toots of which are 0, 0, 1, 3. 

Ans. There is a masimmii for x :=!, and a mimiirani 

Es, S. rind the maxima and minima valu^ of the function 
y = x= — ^x'~2ix -j-85. 
Ans. For x^ 4, ^ it 



80. In the application of the above rule tiiere are certain con- 
siderations which, in particular cases, serve to simplify the calcula- 
tions. 

1°. The same values of the variable which render the function a 
masimum or minimum, will render its product or quotient by a con- 
stant quantity a maximum or minimum. Hence, before applying 
tte rule, a constant far.tor may be struck out. 

2°, Any value of tho \ ariable whn,h renders the function a maxi- 
mum or mtaimnm will lender the second, third, and, in general, any 
power of it a masimimi oi minmium. "B-cae^, if a function is 
under a radical, the radical may be omitted. 

Ex. 1. Eind the value for i whioh will render' the function y := 

Suppressing the factor 5, we have 

dx 
from which we obtain x = ^. 

Es. 2. Find the value for x whieli will render the function y = 
(2(u; — n?)^ a maximum. 

Omitting tlie radical sign, and putting the differential coefBcient 
equal to 0, we obtain 2 (a — a^) =:= ; 
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3°. It frequentiy happens that the vake of the first differential 
coefficient may be decomposed into two factors, both of which con- 
tain x, and one only reducing to for the particular value of x 
which renders the function a maximum or minimum. When this 13 
the case, the process for finding the second differential coefficient, 
with a view to discover by its sign whether the function is a maxi- 
mum or minimum, may be much simplified. 

liet X and X' be the two factors into which the first differsEtial 
coefficient is decomposed, and both of which are functions of ^ ; 

tlien ^ = XX'- 

dx 
whence differentiating and dividing by dx, 

^V_2MX X'^, 

rfx* dx '^ dx ' 

let now X be the factor which we suppose eqiial to for the value 
of « which renders the function a maximum or miuimum ; we shall, 
then, have ^L — ^''^^- 

dit" ~~dx ' 
from which we obtain the following rule by which to find the second 
differential coefficient ; Find the differential coefficient of the fac- 
tor in the Jint differential coefficient which reduces to 0, and mul- 
tiply the result by the other factor. 

*t= 

from a function. To find the aeeoud differential coefficient for the 
value 3: = a, which renders the function a 
wo write the proposed under the form 



ffhence 


bjth» 


mlo 


Vx'"-"'' 






d;j 


1 
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MAXIMA AND MINIMA. 



87 



Es, 1 . rind the values of x which will render the function y ^ 
3;'{a; — - a)' a maximunx or minimum. 

We have ^ = 2x{x — a)' + Gx' {x — af ; 

or reducing, putting equal to 0, and dividing by 2 

for which we have cc =: 0, x=:.a, x = \a. 

For a; = 53, the second differential coefficient, by the rule, is 
4:c (a: — tt)*, which is negative when we eubstitute \a for a:. Thus, 
there is a maximum for x = \a. In like manner we find a mini- 
mum for x = a, and X!= 0. 

Ex. 2. Find the values of x which will render y a maximum or 
minimum in the function 

y = x' — 6x'Jr 22x' — 94:c + 12 = 0. 
Putting the first diifercntial coefficient equal to 0, and dividing 
by 4, we find for the roots of the resulting equation, 1, 2, and 3. 
Alls. For .r = 1, j; ia a 
3: = 2, j/isa 



81, The following examples will serve as a genera! e 
the preceding principles. Let the learner illustrate the results in 
the curves obtained by construction from the equations. 

Ex. 1. Let J = a: (ffl — x}\ 

Ex. 2. Let y^=b-]-{x — af. 

Ans, The function does not admit a maximum or 
minimum, since the third differential coefEcient does not vanish 
with the second. 

Ex. 3. Let y = x'{a — xf. 

Ans. There is a maximum for x = |«, aad a 
a for a; = 0, x=a. 
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Es. 4. Let y = a{x — hy. 

Ans. Tlie fourtli differential coefficient is 24«. and 
tlierc is a minimum for x^lj. 



Es. 5. Let y^x^—lSx'-^-imx. 

Alls. There is a maximum ivheii s,-^=5, and a 

82. "We subjoin some additional problems to esliibit fartJier the 
application of the Calculus to the important practical questions of 
the kind now under consideration. 

1. To find the altitude of tho greatest cyliiidev that can be in- 
scribed in a giyea cone. 

Suppose the cylinder inscribed, as in the * 

figure, and let AB = a, BO = b, AD = x, 
ED = J/ ; then BD = a — a: = the altitude 
of the cylinder, and we have for tTic solidity 

But from the similar triangles ADE, ABC, 



e obtai 



hx 




&Y=—x\a—x). 
Ans. The altitude is one-third the altitude of the cone. 

2. To find the greatest cylinder that can be inscribed In a giveu 
sphere. 

Ans. The radius of the sphere being R, the radius of 
2 
ibc cylinder ^ R ^ -k- . 

3. What is the altitude of the maximum rectangle whijh can be 
nseribed ia a given parabola ? 

Ans. Two-thirds the axis of the parabola. 



4. Among all cones that can be inscr 
determine that which has the greatest C' 



in a given sphere, to 
s surface. 
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Let AMB ho the generating semicircle, AM the slant side of tde 
wne, PM the radius of the base. Let AB 
=2a, AP = a;, PM = w. ThenPM = 



i^az — xY' and AM = (2aa;)^; and, put- 

ting S for the eoavex surface, we have A. P B 

Ans. The altitiide of the eone is four-thirds the radius 
of the sphere, 

6. What ia the altitude of the masimum eoue, which can be ia- 
Bcribcd in a given paraboloid, the vertex of the cone being at the 
intersection of the axis with the base of the paraboloid ? 

Ans. Half the altitude of the paraboloid. 

6. Of all cylinders of a, given surface to determine that, whose 
solidity is lie greatest. 

Ans, That iu which the altitude ia equal to twice 
the radius of the base. 

7. To find the mazimum cylinder inscribed in a given ellipsoid, 

Ans. That in which the altitude is equal to the major 
asis divided by a/ ■■(. 

8. Of all right cones of a given convex surface to determine that 
whose solidity is greatest. 

Ans. That in which the radius of the base is equal to 
the altitude divided by ^ 2. 

9. A privateer wishes to get to sea unobserved, but has to pass 
between two lights A and B, on opposite head lands. The laten- 
sity of the Sights is known and the distance between them. At 
what point between them must she pass sq as to be as little in the 
light as possible ? 

Let a = the given distance- AB ; b = tie intensity of the light 
A at the unit of distance, c = the intensify of B at the same dis- 
tance. Let X = the distance of the point sought from A. Then, 
since, by the principles of Optics, the intensities are inversely as 
8# 
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the squares of the distances, we shal! Iiavo for the illumination o 
intensity of light upon the point sought, 

which by the question sliould bo a 



ii + c'' 
10. The flame of a candle ia directly o¥er the centre of a circle, 

the radius of which is E ; what ought to be its height above the 

plana of the circle, so as to illuminate the circumference as much 

as po;sible ? 
Let CB be the candle, B the position of the flame, and A any 

point in the cii'ciimference. By the principles 

of Optius, the intensity of the illumination of 

the plane at any point A, will be directly as 

the sine of the angle BAC, and inversely as 

the square of the distance AB. We shall 

have, therefore, for the effect of the candle 

to illuminate the point A, 

sin BAO 




AB^ ■ 
nBAO; then AB = 



AB' 



B 

■s BAC " 



va- 



.r the si 



We shall have, therefore, for the maximum, a:=^i, 
of the angle BAO = 35° W, nearly. 

If we suppose B^12 inches, then the height of the candle will 
be 8 .5 inches. 

11. To find the point in the line joining the centres of two 
spheres, from which the greatest portion of spherical surface is 
visible. 
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The figure is a section through the centres 0, C of the spheres. 
Let A be the point 
sought. Draw the 
tangents AM, Am, 
smi the radii C!M, 
Cm ; and on OC 

let fall the perpendiculars MP, mp. Let CC'=(i, r aad r 
the radii CM, G'm respectively ; and let AC = x. 

For the surface s of the sphere, which has r for its radius, ■ 
ble from A, we shall have, art. 59, 

s r= 2;rr' — a;rr X PC = 2^j-'~- 2:v- ; 
and an equation for the problem will now be readily obtained. 



SECTION IX. 
APPUOATION OI' THE CALCULTIS TO THE THEOKY OF CURVES. 

83 . We have seen in the Analytical Geometry the superior pow- 
er of algebra compared with ordinary geometry, in all investiga- 
tions relative to curve lines. For investigations of this description 
the Calcuiaa is an instrument of far higher power. In the ordinal 
ry geometry the results obtained are usually derived from the con- 
sideration of particular curves and are limited to them. By the 
application of algebra to geometry we are enabled to classify the 
carves which come under consideration, and to obtain results appli- 
cable to all curves whatever. 

The Calculus enables us to solve in most cases with far more 
facility, and with a higher generalization, the problems solved by 
the aid of algebra, while at the same time it enables us to obtain 
results which the ordinaiy algebra is utterly incompetent to reach. 
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In tte use of tliis remarkable instmraent, justly regarded as one of 
the most splendid conoeptiona of the human mind, geometry has, in 
iitct, been brought to a state little short of absolute perfection. 

We shall now, to the extent our limits permit, exhibit the power 
of the Calculus in its relation to investigations in which curve lines 
are concerned. 

I. TANGENTS I 



84. The first problem iu respect to curve lines ia to determine a 
general method by which, when a curve ia given by its equation, a 
tangent may be drawn to any point, We have already solved this 
problem for plane curves, referred to rectangular axes, by finding 
expressions for the sabtangent and subnormal. By means of either 
of these expressions the tangent may be readiJy drawn. But the 
most elegant, as well as convenient solution of the problem is, to 
find an equation for the tangent lino. 

Let 3;,^ be any point on a plane curve referred to rectangular 
axes; a^ and t/ the current co-ordinates of a right line referred fo 
the same axes, and the same origin. In order that the right lino 
may pass through the point a', y on the curve, wo must have (An. 
Geom. art. 26) - y^^^f^- ^,v 

in which a is the trigonometrical tangent of the angle which the 
line makra with the axis of x. And in order next that the line 
may be tangent to the point x, y, we must have, aa we have seen, 
art, 34, _ ^ . 

whence by substitution 

which is the differential equation of a tangent line to all plane 
carves expressed by rectangular co-ordinates. 

Let the curve be the circle the equation to which, referred to the 
centre, is x' -I- w' = W. 
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Diffcrentiiitmg tlie equatioD, dcduoiDg the value of -^, substitu- 
ting in equation (1), aiicl reducing, we obtain 

yy'J^X2^ = U\ (2) 

which, is tie equation, in finite terms, of a tangent line to tho circle. 

To apply this equation, let the radius of the circle be 5, and the 
co-ordinates of the point, through which the tangent is required to 
be drawn, be 4 and 3 respectively. By substitution in (2) we shall 
have ay + 4^ = 25, (3) 

th.e equation of the tangent in this particular case, by means of 
which the tangent may be easily draivn. 

Tiie raode of applying the equation (1) is now obvious, as well aa 
tLe extreme generality of the solution. We pass to a few addition- 
al examples. 

Es. 1. To draw a tangent lino to any point on tlio curve y = 

Pursuing tlie same course as above, we obtain for the equation of 
a tangent to the curve 

y-!, = (i-ax'j(j;-->i). 

As a particular case let z=^0, ijz=0; then ?/'=a,-'. Tlie tan- 
gent passes through the origin, and makes an angle of 4-0° with the 
axis of x. 

Ex. 2. To find the equation of a tangent line to any poiot on the 
ellipse, the equation to which is A'y" -f- B'a:^ = A'B'. 

A's/i/- -\- B^xx = A'Bl Ans. 

Ex. 3, To find an equation for the tangent to tlie curve xy = a'. 

Ex. 4. To find an equation for the tangent to the curve y' = iax. 

85. To construct a tangent line it is in general, as we have seen, 
most eonveuient to find the points in which the line intersects the 
axes. 
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Puttiiig, sueeessiyely, in the genera,! equattou (1), ■ 
we shall have for the points of intersection 

, dx dy 

K y ^y' y J - ^^■ 

From, the former of these espressiona we have 

'■'1= 

the siibtangcnt to any point 2;, y on the curve ; the same as obtain- 
ed in art. 30. 

86. Since the normal makes ft right angle with the tangent, we 
must have (An. Geom. art. 28) the relation a«' -{- 1 ^ 0, a and a' 
representing the trigonometrical tangents of the angles whio!i these 
lines make with the axis of z respectively. Henoe we have 



for the differential eijuation of the normal to any point oathe curve, 
If in this equation we put y' = 0, we shall have 

the subnormal for any point on the curve ; the same as in art, 33. 

87. We shall now esamine some particular cases in ijie general 
problem of tangents. 

1. To determine the points on a curve at which the tangent is 
parallel to the axis of x. 

Since, when the tangent is parallel to the axis of x, the angle it 
makes with this line is 0, we shall have, as we have already seen, 

* = 0. 

Ex. 1. To find on the circle the point where the tangent is par- 
allel to the axis. 
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aad the tajigeut, it is evident, will be parallel to the axis of x for 
the value x^^a, or at the extremity of the ordinate to the ceatro. 

Ex. 2, To find on the curve y =x^—^x''~-2ix -]-Q5, the 
points at which the tangent is parallel to the axis of x. 

Ana. At the pointa for which a: ^ 4, x = — 2. 

2. To determine the points on a curve, at which the tangent is 



Since, when the tangent is perpendicular, the angle is equal to 



i'.O", we shall hai 



dy^ 



Es, 1. To find on the circle the point where tlie tangent is per- 
pcndicnlar to the axis of x. 

Ans. For the point j/ = 0, or the origin. 

Ex. 2. Tofind on the curve ^=^ffl-f2(3,' — i), the point at 
which the tangent is perpendicular to the axis of x. 

Ane, At the point for which x^^b. 

S. To find next tlie points on the curve at which the tangent 
makes any given angle with the asis of x. 

Es. 1. Let it he required to find on tie common parabola y' = 
'Ipx the point where the tangent makes an angle of 45° with the 

From what has been said we have, siuee tangent 4o"= 1, 

%-- 

Substituting for this value iu tho equation, we obtain y=:p; 
whence x = \p. When the angle, therefore, is 45°, the ordinate 
to the point of tangcnoy will pass tlirougli the focus. 
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Ek. 2. The cirele being refeiTcd to the centre, to find tlie pci 

Tvliere tte tangent makes an angle of 45° wiOi tlio axis of x. 

R 
Ans, At X ^ — /I)- 
V •= 

4. To find an esprossion for the length of the tangeut, wc lia' 

(fig.«t.30) TM = (T?'H-PM-)^ 



wlenoe Til = ,j (l +'^)K 

In like manner we obtain for the length of the normal 



QM=,(l + gy. 



By means of these formulas the length of the tangent and nor- 
mal to any pomt may be easily calcidatal. 

5. To find the angle which a euiTo makes with the axis of x, 
since the carve and tangent coiacide at the point of tangeuoy, it 
follows that the inclination of a curve to ita asia at any poiat will 
be the same as that of the tangent at that point. 

38. lo what precedes we have supposed the point, through which 
the tangent is required to be di-awn, at a finite distance from the 
origin. But in the case of a curve which has infinite branches, the 
point of tangency may be regarded as at an infinite distance, ajid 
we may wish to determine the tangent for this particular case. 

The tangent to a point on a curve at an infinite distance fi'om the 
origin, is called an asymptote. An asymptote, therefore, niay be 
regarded as a line which continually approaches a curve, but which 
it can never reach except at an infinite distance. 

A plane curve being proposed we have then, 1°. To ascertain 
whether the curve has a rectilinear asymptote. 2°. To determine 
its position, 
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Let AX, AY be the co-ovi^ina 
pressions for the distances of tlio 
points T and D in wliich the tan- 
gent MT intersects the ases, via. 



=y- 






= AD. 



oia 


cs, . 


ncl lei us resume the ox- 






Y 


/T 






W 


^ 


■^ 


^ 


/ 


^ 


r 




B 


-¥ 


~A 


1' X 



Let RE be the asymptote ; as the point M moves along the ourva 
the tangent MT will approach more nearly the asymptote RE, with 
■which it wiJl coincide ivhen M is talten at an infinite distance. In 
this case AD will become equal to AW, and AT to AR. AVhonce 
to find whether the curve has an asymptote, we determine, from its 
equation, the values of AT and AD. If then the hypothesis 3:, or 
y = (o renders either the value of AT or AD finite, the curve, it 
is evident, will have an asymptote. 

To determine the position of the asymptote we find the values of 
AT, and AD on the hypothesis x,or y^ cc, and we shall thus have 
the points T, and D in which the asymptote intersects the axes. 

Several eases, it is ohvioiw, will occur in the position of the 
asymptote. 

1', If the values of AT and AD are both finite, the asymptote 
will intersect both the co-ordinate ases. 

2°. If one of the values is finite and the other infinite, the asymp- 
tote will be parallel to one of the co-ordinate axes. 

3°. If both valnes become 0, the asymptote will pass through the 
ori^n of co-ordinates. 

In this last case, but one point of the asymptote will be deter- 
mined, but its direction may be found by determining the vduc of 

■--, on the supposition that the co-ordinafes are infinite. 

89. We take nest some examples. 

Es.l. To determine whether the curve f = 2x-\-'6x' has 
asymptotes. 
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Resuming the equations for AT, AD, ^ 



" dy •' dx 

:, differentiating the equation, substituting and reducing, wc 



e has two asymptotes whiok 
1 1 



nlorsect the 



Es. 2. Let the equation to the curve bo ■}f = ax^ -j- x'. 

The curve has an asymptote which intersects the axis of y at a 
distance ia, and that of x at a distance of — J3 from the origin. 

Ex. 3. Let the equation to the curve he i/ = ^3? — 4, 

The curve has two asymptotes which pass through the origin, anil 
make with the axis of x an angle for which 2 is the trigononietrl- 
cal tangent. 



II. 



or CUKVATUKE. 



90. We proceed next to inquire how the position of a curve in 
respect to the azis of ahsuissas may be found ; or, in other words, 
to determine for any point lyhether the curve is convex or concave 
toward this axis. 

M being auy point of the curve, let AP ^ x, PM ^ tj. Suppose 
X to receive an arbitrary increment 
PP', and draw the ordinate PM'. 
Through M draw the tangent MT 
meeting FM' in T, and draw also 
MR parallel to AX. Putting PP' 
= }i, the ordinate P'M' will, it is evi- 
dent, be the same function of x -\- h, - 
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that PM is of i^; wkence by Tiiylor'a Theorem 
wherefore, EM' = P'M' _ PM = J A + ^ .p^ + 



But ET= MR X Tan. TMR: 



IT + *''■ 



' dx' 1 . 2 

and we Imve TM' = RM'— KT = '^, — '^ + &(i. 

If the curve lies above its tiingont, or is eonves toward the axis 
of X, TM', it is evident, will be positive. But A beiag altogetber 
arbitrary, may be taken so small that the first term in Uie value of 
TM' will be greater than the smn of all the BucceBding terms. 

Thus the sign of TM' wiil depend upon that of —- =■-;;. Hence, 

if the curve is convex towaid the axis, this term must be positive; . 

or, since A' is neceasarily positive, — ^ or tho second differential oo- 

dx' 
efficient, must be positive. 

The contrary will be the case if the curve is concave toward the 
axis ; for the curve then falling below the tangent, TM' will be 
negative. Thus a cui-vo will be convex or concave toward the axis 
of X, according as tho second differential coefficient of the ordinate 
is positive or negative. 

In what has been done we have supposed the ordinate y to be 
positive. If it is negative, the curve being situated below the axia 
of X, the contrary results will bo obtained. We conclude, there- 
fore, more generally, That a curve will be convex or concave to- 
ward the axis of abscissas, according as the ordinate and its sec- 
ond differential coefficient have the same or contrary signs. 
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Ex. 1. To determine ivhcthcr tlio circumference of a circle is 
convex or concave toward the axis of abscissas. 
Resolving and differentiating the equation x'-\- y'^= R', wc oblam 
d'y ^ _ R'_ 

which is negative when y is positive, and positive when y is nega- 
tive. The circumference is, therefore, concave toward the asis of 

Ex. 2. G iveii Iho curve y^b-\-c{x — af, to find tte direction 
of the cui-vature. Ana. Couves toward the asis of x. 

Ex. 3. Given the curve y = d?f^ {x — a), to find the direction 
of the curvature. Ana. Concave toward the axis of x. 

Ex. 4. Given the curve y = a'(_a — j:)" to find the direction of 



01. In the esamination of a curve we are led to notice certain 
poiuts which possess some peculiar propei-ty not possessed by the 
points immediately adjacent, and which, on this account, are called 
. Singvhr Points. 

We have, in the course of the preceding investigations, inciden- 
tally determined several points of this description. They are 

1°. Points takers the tangent is parallel to, or perpendicular 
to the axis. 

2°. Points of maximum or minimttm ordinates. 

We proceed to determine the characteristics of such other singu- 
lar points as are ordinarily to be found in plane curves. 
Points of Inflexion. 

92, When a curve changes the direction of its curvature, as from 
being concave toward the axis to beeoniing eonves, or the converse, 
the point at which the change takes plaee is called a point of jVi- 
ftexion or contrary flexure. 

If a curve is eonves toward the asis of x, the ordinate and sec- 
ond differential coefficient have each the same sign, if concave, they 
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have contrary signs. Whei i ourve therefoie ehmgLa tha Iiuc 
tJon of its curvature, the sewjnd differential LoeftiLient ihai ^e'i ii^n 
But this coefficient can change its sign only by passiHj^ through 
or iufinity. For a poiat of mfiesion we must have therefore 



the roots of which will give all the values of x for which thero is a 
point of inflexion. 

Let a: = c be one of these roofs. If on suhstituting auecesaiye- 
ly in the coefScient a value for x a little greater and a little less 
than a, the coefficient changes sign, there will bo a point of infies- 
ionfora:.= o. 

Es. 1. To determine whether the cui-ve y = b--[~{x — ay lias 
a point of inflexion. 

We find for the second differential 
coefficient 



dj;'' 







Here the value a:=a renders 
coefficient ; and if we substitute for 
X a value a little greater than a, the coefficient will be positive, if 
a little less, the coefficient will be negative. Thus the coefficient 
changes sign at .-c =; « ; and there is a point of inflexion for x = a. 

The tangent to the point a: = a is parallel to the axis of x, since 
for a: = a the first differential coefficient also reduces to 0. On the 
left of the point of inflesion the curve is concave toward the axis 
of a; ; ou the i-ight it is convex. 

Ex.2. To dctennine whether the curve y^(a — .f.)^ -|- m has 
a point of contrary flexure. 

Wo have for the second differential coefficient 
d'y 10 






-xf 



.■..Google 



Here if ar = a, the second differential coefficient wi!l be infinite. 
For X less than a, it will be positive ; for x greater tban-a, it will 
be negative. There ia, therefore, a point of inflexioa for x = a. 



Ex. 3, The curve a=j 

Ex. 4. The curve y - 
flexion at a; = 2, and a 



, has a point of inflexion at 
— 2t? — x'', has a point of in- 



Mulliple Points. 
. A point in which two or more branches of a curve fouch or 
:t each other is called a multiple point. 
If two branches meet at the same point, it is called a douHe 
point ; if three, a Iri-ple point, and so on. 

As each branch of the cui-ve has its tangent, there will be at a 
muUiplo point as many tangents as there are branches of the curve 
whicli meet in tlie point. At a multiple point, therefore, the ordi- 
nate will have but one value, while the first differential coefficient 
will have a number of values, according to the multiplicity of the 



Ex. 1. To determine whether the c 
has a multiple point. 



= (i-«)Vi 




To determine the position of the double point, it will bo i 
that y will have two values for every value of ,■;; greater or less 
than a. For 3: = « we have y^ 4, which gives the position of 
the double point. 
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To determine the tangents, we substitute iu tlio fli'st differential 
eoeffieiont x = a, whicii gives 

-— = ± ^ c. 

The tangents, therefore, make with the axis of x angles, the 
trigonometrical tangents of which are ■x^-\- n/ a, x == — f^/ a, 
respectively, 

Ex. 2. Given the curve y' = x'' — x^. to determine whether it 
has a multiple point. 

Ans. There i'i a multiple point at the origin ; at thia 
point the tangents make angles with the axis of x, the trigonomet- 
rical tangents of which are zh 1 respectively. 

Ex. 3. y'-=: {x — 1)^2. There is a multiple point at 3; = 1. 

If the equation of a curve be freed from radical quantities, the 
differential coefficient corresponding to a multiple point will gener- 
ally reduce to ^, the ordinary sign of indetermination. And in 





thia case to determine the tang£ 
this expression. 



3 we must find the true values of 



94. A multiple point at which two or more branches of a curve 
stop, and at which they have a common tangent, is called a cusp. 

There are two species of cusps, 1°, when the two branches at the 
point of contact lie (fig. 1) upon opposite sides of the tangent ; thia 
is called a cusp of the first kind. 2°, when the two branches He 
(fig 2) upon the same side of the tangent; this is called a cusp of 
mil Jdnd. 
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The conditions necessary to a cusp are 

1°. For a particular value, a, of x, the ordinate y and the first 
differential coefficient must have but one value. 

2°. Substituting saceessively for x, q -|- A, and a — h, for one of 
these values, h being taken sufficiently small, y is impossible, while 
for the other the second differential coefficient will have two differ- 
ent values. 

Es. 1. To determine whether the curve [y — b'f^={x — a)^ has 
a cusp. 

Kesolving the equation we obtain y = h ±(x — a'f; 
and by differentiation 



4(1 ~ a)' 

The curve is represented in figure 1 above. 

1". Forar = AP = a, )/ = PM = i. There ia but one value of 

V, therefore, for ar^ffi. Againfor a;=a, ^ = 0. There is, there- 
^' ° dx 

fore, but one tangent MT to the point M, which is parallel to the 
axis ai X. 2°. For values of ,i; less thaa a, the values of y are im- 
aginary. Thus the curve stops at M. 3°. For values of x greater 
than a the second differential coefficient has two values, one -[-,the 
other — . The curve has, therefore, two branches which extend in- 
definitely to the right of M, and the cusp is of the first kind. 

Es. 2. y^a-\-x-\-hx^ -\-c^. The curve has a cusp at 3:^0, 
y= a. The tangent ia inclined to the axis of x at an angle of 45°. 

Ex. 3. y^-^x' (1 — ar*)^. The curve has two cusps of the first 
kind, corresponding to x^^=-±l. 

Es. 4. y = a-\-'i{x — b)^. FoL- this curve, as it will be easy 
to discover, there ia a cusp for a: = i, y = a, although, on apply- 
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ing the process above, tJie first condition only is fulfilled. If, how- 
ever, we resolve the equation in relation to x, we find. 

by which we find a cusp a,t y s=: a, x ^ h, as there should bo. 

To determine all the cusps which belong to a curve, the process 
above employed with reference to the axis of z, must, it is obvious, 
be repeated with reference to the axis of y. 

Isolated or Conjugate Points. 

95. The equation of a curve will sometimes give a point thiit is 
detached from all the r^t. This is called an isolated or conjugate 
point. 

Thus in the equation !/=(«-j-a:) //a;, if a: is negative, y will, 
in gsneral, be imaginary. But for the vaiue w^ — a, y will be 
real and equal to 0. For positive values of x there will be two 
values of y. Thu.s the curve will consist of two branches extending 
indefinitely to the right of the origin; while on the left for a: i= — a, 
y = 0, there will be a solitary point unconnected with any other. 

IV. TRACINe OF CUKVES. 

96. From what has been done we sec the course to be pursued in 
tracing out a curve expressed by an equation. It is iu general aa 
follows. 

1°. Eesolvo the equation in relation to one of the variables, y 
for example. 

2°. Assign such positive values to a: as will be su£S.oicnt to de- 
termine those for which y 1=0, y^(X) , or y impossible. The first 
will give the points in which the curve intersects the axis of x, the 
second determines the infinite branches, and the third shows where 
the curve stops in its course. Assign also for the same object nega- 
tive values to x, and deduce the values of y corresponding. In both 
cases attend to the positive and negative values of y, so as to ob- 
tain the branches on both sides of the axis of abscissas. 
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e has asymptotes, Euid detern 



e the! 



3°. Find whctlier the c 
position if they exist. 

4°, Find tiie first differential coe£E«ient, and determine by means 
of it the maximum and niinimum ordinates, the angle at whicli the 
curve cuts the asis, and ifa multiple points if any exist. 

5°. Find the second differential coefficient, aad ttenoe- determine 
the direction of the curvature of the different hranehes, and the 
points of inflexion if there be any. 

C". Find the remaining singular points if any exist. 

Ex. 1, To trace the curve y 

represented by the erjuiition 




2°. Let X be positive, then ij will ho positive for every value of 
X from to CD . If j; be negative then y will bo negative for 
every value of x from ta — O) . The curve has, therefore, two 
branches situated on opposite sides of the axis of x. 

3°. The value a;^oo, on = — od, reduces the value of y to 
0; the axis of jr will be, therefore, an asyinptot* to the curve ia 
the direction both of x positive and x negative. 

4". For-thc first differential coefficient we have 



dx (l + a^T' 

Putting this equal to 0, we obtain a,- ;= ± 1- Thus we have 

two maximum ordiaates, via. ata:=!-(-l, a-;=^l, for which 

y = \, y := — -^ respectively. 

If we put a: ^= 0, then ~ ^ 1, and the curve, or its tangent, in- 
'■ dx 

tersccts the axis at an angle of 45°. 
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5°. For tho Hecoutl differeDtial coefficient we obtain 

Putting this equal to 0, we have x (3 — x') = 0, which gives 
a; = 0, ^ ^ di a/ 3. The second differential ijoefficient and y will 
have, therefore, the same or opposite signs according as x is greater 
or less than ^ 3, Thus there will be points of inflexion at r ^ -j- 
,ya,x=^ — ^SJor which wc have y = ijs/B,y = — \^Z. 

From 3:=: — ^3 to x^-\- /s/ S the curve is concave to the 
asiB of X. There will be, therefore, also a point of inflesion at the 
origin. From x = \^S toa: = co, and also from x=^ — v* ^ 'o 
x = — oD, the curve is convex toward the asis. 

To trace the curve we take AX, AY for the ases and from A 
we set off 3: = AB = 1, x^ Al/ = — 1, and erecting the per- 
pendiculars BC != J, Jc ^ — ^, we have tiie points of the niasi- 
mum ordinates through which the curve must pass. In like man- 
ner we construct the points E, c of contrary flesure. Then, since 
tJie curve passes through the origin, and the direction of its curva- 
ture is known between all the singular points, it may be easily 
traced as in the figure. 

Ex. 2. To trace the curve y = a'^ — 6a;' -|- 1 la: — 6, 

1°. The curve cuts the axis of y at jf =; — iJ, and the axis of ir, 
at3; = l, x = 2, 37=3. 

2°. It has maximum ordinates at x:=2-j- ,^1, x=^^ — ^/l. 

3°. Between x^O and a;=:l it is coBvex tov/ard the axis of a;; 
between ir=l and a; = 3 it is concave, beyond which it is convex. 
There is a poiot of inflexion at x = 2. 

Ex. 3. To trace the curve (y — x^f^ ar'. 

Resolving the equation we have 
y^x^-±:xK 

1°. The curve is composed of two 
branches which extend indefinitely . 
to the right of the origin, 
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2°. There is a cusp of the second kiud at tlie origin, 
gent is tlie axis of x. 

3°. The lower brancli intersects the axis of a: at x= . 
convex to this axis from 3; = to x=^fy^; thence ooi 
a: ^ 1, from which it becomes conves to tlie axis of 2.'. T 
branch is always convex to the axis of x. 

4°, It Sias a maximiim ordinate to the lower brancli for 

Ex. 4. To trace the ciiiTo y^^^asr^x'. 

1°. The curve intersects the axis of 
X &% X = a, where it has a point of in- 
flexion. 

2°. It has a cusp at tlie origin, 

S". It has an asymptote which makes 
with the axis of x an angle of 135°. 

4". It has a maximum ordinate for 




Ex 


. 5. To trace the curve y' =■ 


= a'^x'. 






r. 


The curve intersects the as 


:esat x = a, y = 


a. 




2°. 


It has an asymptote which 


passes through the 


origin. 




3^ 

li-ary 


The points whore the curv 
flexure. 


e cuts the asos are 


points 


r con- 


Ex 


. 6. To trace the curve y" = 


= a'x — x\ 






P. 


The curve intersects the as 


.is of X at the origi 


n, and also at 



2°, It has an asymptote which pa^es through the origin. 
3°. It haa maximum ordinates at a 



4". It has three points of contrary flexure, viz. at the points 
where it iotersoots the axes. 

h^. It is always concave toward flie ^xis of x. 
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n3x. 7. To trace the curve if = ax' -]- bx°. 

Kesolving the equation we shall have j; = ± (n -I- bx) ^; 





Begarding b alwajs aa positive, the curve will take one of the 
three forms represented in tlie figures above, according as a is posi- 
tive, zeroj or negative. 

V. CONTACT AND CURVAIOKB OF CURVE USES. 

97. The singular points of a curve and the direction of the cur- 
vature betweea these points enable us to form a very exact idea of 
the genera! course of the curve. We proceed, nest, to consider the 
contact of curves, and the method of determining the eurvatuve of 
a curve line at any point. 

Contact and Osculation, 



Let there be two curves, refer- 








> 


red to the same axes, ishich have 




M>=*1 


Ml 


for their equations y ^f(x). 




/ 






^^f{3f). Let tlie abscissas 




/ 






of each receive a common incre- 




/ 






ment A = PP' ; then by Tay- 




/' 






lor's Theorem 










— Hs"+^i 




P 


i" 

1.2.S + -" 


--='■+2^+^- 


1 


-i + ir 


h'' 
1.2. 


-+■■■ 
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Here, X being macle equal to .i/, 

1°, If )/ = J/' = PM, the curves will have a common point of 
intersection M. 

2°. If V ^ v'l and -/ ^ r^-,, tien the eurves have a common 
tangent, and a contact, which is said to he of 'ihA first orcler, 

8'. In like manner if the curves have a common ordinate, and 
tiie first and second differentia! coefficients in each are equal re- 
spectively, they are said to have a contact of the second order, and 

The tendency of the curves to coincnJe wiH, it is evident, in- 
crease, as the difference mm botwcin the oidinates P m , P m be- 
comes less ; or as the number of diffeientiil <,oef&cieuts, which be- 
come equal respectively in the two developments, is greater If all 
the differential coefficients are equal, the curves will comcide en- 
tirely. 

98, A line is said to be oscillatory to a curve, when it has with 
the curve a contact of a higher order than any other Hne of the 
same species. The osculatory Hne is called an osculatrix. 

Ex. As a simple example Jet it be required to iind a right lino 
osculatory to the circle. 

Let X aaid y be the co-ordinates of the right line, af and y tliose 
of the circle. Then j = im: -j- S, and x"-' -^ j/^ = R', will be the 
equations to the right line and circle respectively. And x being 
made equal to 5^, we shall have for the equations of conditioE 

Putting the differential coefficient of the right line equal to that 
of the circle according to the second condition, we Imvc 



But by the first condition w^e have y = 
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Ill 



Substituting tlicso values of a mid h in the equation of tlie riglit 
line y s=ax -\- b, and reducing, W3 obtain 
X3f + 7jy' = B,\ 
wliioli is the equation of a tangent. Thus a tangent line is the 
osculatris required. 

Osculalory Circle. 
99. Let ABO be any curve, T'BT a tangent to the point B, and 
PB a normal to this point. An inflnit* iji' -q itc 

number of circles, it is evident, may 
be described, the centres of which 
shall be in the normal PB and the ^ 
circumferences pass through the same 
point B and which will have there- 
f)ie i common tangent TBT Of 
llieee Lircles some ha,^m? a greatei 
cuTvitme than ABC will Jail within ^ 

it ind otheia having thi,ii cuivature les-j (hTn \B0 will pas 
tween it and the tangent There will be tht, efore, two olasj 




e h iio with.m tho ■ 



3 of 
!, and the 



ble circles 
the closest 



tingent circles to the i: 
other without it 

Let it now be reqimed to find imong dl the poi 
which tan be di awn thiou hthejomtB that which b; 
contact with the turvt ABC or the oicidatoiy circle. 

Let X and y be the co-ordinates ot the curve ABO, x' and ■>/ 
those of the circle. Then, supposing the co-ordinates x and y to 
become equal to x' and y respectively, we shall have for the equa- 
tions of condition 

dx~ dx" "■ ' dx'~ d-.r-' ■■ •' 
or the osculatory circle will be that in which both the differential 
coefficients are equal respectively to the corresponding ones of the 
proposed curve. The contact will be of the second order, and the 
circle is, therefore, called an oseulatrix of the second order. 
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100. If, art. 97, the earva Mm ha a circle osculatory fo the 
cai've Mm', the first three terms in the cleTelopments for P'wi, "P'm 
will be the same in each. Subtracting the first of these develop- 
ments from the seeonci, we shall ha^e for k positive 

P m - P ^, or m™ _ (^-^ _ -,J j--g--g -f <Vc. , 

and for /i negative 

mm' = - r^-^' - ^\ -i^— + &o 
\<;/^ dx^J 1.2.3^ ■ 

But, h being taken sufficiently small, the first term in each of 
these series for vim' will esceed the sum of all the terms which 
follow. Thus mm' will change sign in passing from ,r -j- ^ to ^ — ^ 
and the converse. On one side, therefore, of the point M, the curve 
will lie above the osculatory circle, while on the other it falls be- 
low it. Hence the osculatory circle will, in genera!, both touch 
and intersect the curve at the point of osculation. It follows also 
that the osculatory circle separates the tangent circles which tie 
without the curve from those which lie within it. 

An osculatris of an even order, we remark in passing, will, in 
general, intei-sect aa well as touch the curve, while if it be of an 
odd order it will only touch the curve. 

Curvature of Curve Lines. 

101. The curvature of a curve is its deviation from the tangent. 
Of two curves, that which departs most rapidly from its tangent 
has the greatest curvature. 

In the same or equal circles the curvature will bo the same at 
all points ; but of two different circles, that will depart most rapid- 
ly from its tangent, or will have the greatest curvature, the radius 
of which is the less. 

Ib different circles the curvature is measured by the angle con- 
tained between two I'adii drawn through the extremities of an arc 
of given length. Thus in two different circles the curvature varies 
heir radii. The curviiture of a curve will, in general. 
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■vary from poiat to point. We have next to determine how tte cur- 
vature at any point may he found. 

102, On aecouot of the eloseness of the contact, the curvature 
at any point of a curve is regarded the same as that of the osoula- 
tory circle, and is measured by it. The osoulatory circle ia, there- 
fore, called the circle of curvature, and its radius the radius of 
curvature. 

If then we wish to determine the curvature at any point, we 
have the following problem to solve, — Given the equation of a jiarie 
curve, to find the radius of the osculatory circle, or radius of 
curvature. 

To resolve the problem, we regard the two curves as having a 
common ordinate, and make the first and second differential coefB- 
cients in each equal respectively. We thus establish relations by 
means of which, combined with the equation to the circle, the radius 
of curvature may be found. The same result may be obtained in a 
more simple manner, if we first find, from the general equation to 
the circle, an espression for the radius, R, in terms of the first and 
second differentials, and then substitute for these their values de- 
rived from the equation to the proposed cuito. 

The general equation of the circle, a and i being the co-ordinates 
of the centre, is 

(i-»)'+(?-S)'=B'- (1) 

Differentiating twice in succession, dx being regarded ^s constant, 
wo obtain 

lx-a)di + (,j-l}dy=(l (2) 



e+df-+(y-i)i;j=0: (3) 
,-i = -^+i?', (4) 



d,j /dx'+dfY 
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substituting tliese values in (1), we obtain 



df /d^-^-dfy /dx'-^-dj, 
dx" \ d'y J^\ d'y ' 

(dx' + d,f); 



R'-. 



d'yr 



dzdry ^ 

We have thus found an expression for tlie radius, in terms of the 
first and second differentials of the co-ordinates. If we now wish 
to mate the circle oseulatory to a given curve, we have only to 
substitute for these differentials their values derived from the equa- 
tion to the curve ; the conditions of osculation will thus be fulfilled, 
and we shall have an expression for the radius of the oseulatory 
circle, or radius of curvature sought. 

The expression for R, which may be regarded as the general for- 
mula for the radius of curvature, is affected with the double sign 
±, either of which may be taken at pleasure. If we wish the ra- 
dius to be positive for curves which are concave to the axis of z, 
we use the negative sign. The radius will then be negative for 
curves which are convex to tlie axis, 

From the equations (5) and (4) we obtain 

„ _ ,, _ ^ {^^' +^\ f 71 

dx\ d'y }' ^ ' 

- ,^y^'^±^, (8) 

the general expressions for th& co-ordinates of the centre of the os- 
eulatory circle. By means of these and the expression for R, equa- 
tion (6), the oseulatory circle t* any point of a curve will be com- 
pletely defined in position and magnitude. And thus the curvature 
of the curve at any point may be found. 

The oseulatory circle is not always the curve which approaches 
most nearly a proposed curve. But on account of the facility with 
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which the circle is described, as well as its readily admitting all 
degrees of magnitude by the variation of its radius, it is for prac- 
tical purposes preferred to all other curves having the same order 
of osculation, 

103, Ex. 1. Let it now be proposed to find the radius of curva- 
ture of the parabola, whose equation is y^=2pj:. 

Differentiating the equation we obtain 

, ydy , pdx 5 dy^ 

p' y ' y 

Substituting in the general formula (6) we obtain 

Substituting in like manner, in the formulas (7) and (8) the values 

dy p J ! p'dx? pHx* 

dz y' ^ !/' ' ^ -f ' 

and eliminating y, we find a s 

« = 3a; + p; J = --^, (2) 
p^ 

the formulas for the co-ordinates of the centre of the osculatory 
circle for any point on the parabola. 

As a paitioular case, let it be required to find the co-ordinates of 
the cenlro of the osculatory circle, and the radius of curvature, to 
a point 9, 6 on a parabola, whose equation is y's^ 4ar. 

Ans. = 29, S = — 54, R = 63.245. 

If, in the equation (1) for R, we make y = 0, we shall have 
B:=p. That is, the radius of curvature at the vertex of the 
parabola is equal to one half the parametei: 

The expression for the normal to the parabola, art. 87, is 
(y''-\-p')^. We shall have, therefore. 
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That is, the radius of curvature at any point of the parabola 
is equal to ike cube of the normal divided by the square of half 
the parameter ; hence the radii of curvature at different points aro 
to each other, as the cubes of the corresponding normals. 

Tlie same principle is true for the conic sections generally. 

Ex. 2. To find the radius of curvature to the rectangular hyper- 
bola, xy = 7n', 

VI. INVOLUTES ANB EVOIUTES. 

104. The centre of the osoulatory circle to a curve will have, it 
is evident, a different position for each point of the curvo. And if 
the several centres of the osoulatory circle for each point be joined, 
the line which joins them will be a curve belonging to the given 
ourve, and deriving its nature and properties from it. This curve, 
moreover, will have for its co-ordinates the co-ordicates of the 
centre of the osoulatory circle. It is cow proposed to find its 
equation. 

The curve, whoso equation is sought, is called the evolute of the 
given curve. And, conversely, the given curve compared with its 
evolute is called the involute. 

The nature of the evolute is determined, it is evident, by the 
equations obtained for a and b, tlie co-ordinates of the centre of 
the osoulatory circle, article 102. If now by means of the equa- 
tion to the given curve we eliminate from these equations the vari- 
able y, and the differentials dy', d'y, &c., we shall obtain, it is evi- 
dent, two equations in x, from which if x be eliminated, we shall 
obtain an equation in a, h, and constants only, which will be the 
equation sought. 

Ex. Let the given curve be the common parabola, whose equa- 
tion is y'' = ^px, to find the equation to the evolute. 
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Resuming the formulas (2) for a and 5, art. 103, and elimina- 
ting X, we obtain q 

*' = HJ '"-'■'"■ 
■whieh ia the equation to the evotate sought. This equation is that 
of the semi-eubical parabola. 

If we make 5 = 0, the equation reduces to a^-p. Hence the 
evolute meets the axis of a: at a distance from the origin equal to 
half the parameter. 

If we transfer the oiigm of the eo-oidmate'! (o thp point it 
which the evolute meet's the axis o± i, we shall Live in the 
equation a for a — p, whence bj ™b'*fitut:on 



Since the equation gives two val 
for h with eontrarj signs, the cu. 
will consist of two branches, symmet- 
rical with respect to the ases, and 
extending indefinitely in the direction 
of a positive. 

105. We thus see the manner in which the equation of the evo- 
lute to any curve may be found. We proceed to investigate some 
general properties in relation to this curve. 

Resuming the first three equations of art. 102, which may be re- 
garded as characterising the osculatory circle, we have 
(^~a)=+(;,_i)= = R=, (1) 

(a:— a) dx-\-{y — J) dy = 0, (2) 
dj,^ -i^df^iy — i) dhj = 0. (3) 

In these equations x and y only have been regarded as variable, 
a, b, and R being considered constant, as they should be, since our 
object has been to find the osculatory circle for one point only. 
But the osculatory circle may be considered as moving along the 
curve and applying itself to each point in suooe.ssion, In this case 
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a, b, and E, it is evident, will also vary with x and y. To deter- 
mine, therefore, the relations of all these vitriables, we must differ- 
entiate, supposing them all to vary together. Differentiating the 
eqaationa (1) and (2) on this hypothesis, we obtain 
(x—a) dx -i- {y — b)dy^(x — a) da—{y — b) db = B.dR, 
dx' -\- d-\f -}- (i/ — J) ^y — dadx — dbdij = 0, 
which by means of tho equations (2) and (3) reduce to 
— (a — a) da — {y ~b)db = Ri^R, l4) 
— dadx- — ■ dbdy^= ; 

from whioh last wo obtain -1-=^ r- {'>) 

da dy 

But from equation (2) we have 

which by meaus of equation (5) becomes 

?-* = £(»-«). (7) 

These two last, it is evident, are equationa for one and the same 
line. The former is the equation of a normal to the point x, y on 
the involut«, drawn from a point a, b on the evolutc ; tho latter the 
equation of a tangent to the point a, b on tho evolutc drawn 
through the point x, y on the involute. It follows, therefore, 

1°. A normal line to the involute curve is tangent to the evo- 
lute. 2°. The point of tangency on the evolute is the centre of the 
osculatory circle. 3°. The length of the tangent between the invo- 
lute and the point of tangency on the evolute, is the radius of the 
oscillator Jj circle. 

2. Resuming equations (1), (4) and (7) above, we have 

(x-ay + {y-br=^\ (1) 

(x — a)da.^{y — b)db = — lldTX, (2) 

{x — a)db — {y — b)da^Q; (3) 
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eliminating x—- a from (2) and (3) b 

db 

from, equation (3) we return to 



C) 



squaring this last, substituting in (1), and reducing, 

next, squaring (4) and dividing the result by (C), member by ir 



(?R= = 



r-(ii'; 



■whence finally dS,=^{li -f-"^' )^ 

from which it follows that the different ul of theril i ot iiva- 

tore is equal to the different al ot the an of the e\ 1 ite Hence 

The radius of curvature m equal to tie aiz of the eioh te ± a 

constant. 

Let S represent the arc of the evolute 00', C = the constant, 
then we shall have for the radius O'M, 
E=S + C. (1) 

In like manner we have for the ra- 
dius 0"M', it' = S'+C; (2) 
subtracting the former from the latter 
K'— R = S'— S=0'0"; 

hence, The difference between the radii 

of curvature at any two points of the involute, i 

■part of the evolute curve intercepted between them. 

The value of tho constant will depend upon the point from which 
we reckon the arc of the evolute, and may, therefore, be easily de- 
termined. 




.■..Google 



Thus if in the common parabola we reckon the are from the point 
at which the ovolute meets the asis of x, then, 8 = for R =sp, 
and we shuU liavo 

whence C = p, or the constant is equal to half the parameter, 

106. Let a thread be fastened at any point 0" of the evolute, 
and be applied tightly to the curve. If we now unwind or evolve 
tie thread, commencing at A and keeping it always tight, the point 
A will describe the involute. It is from this relation that the evo- 
lute curve has derived its name. 

Tliere is some analogy between the manner of ooneeiving an in- 
volute curve to be described and the description of a circle. In the 
ease of the involute the evolute acts as the centre, and the radius 
is variable. 

From what has been done it follows that if the involute is an al- 
gebraic curve, the evolute is rectifiaUe ; since any arc of it ia 
equal to the difference between the two radii of the osculatory 
curve drawn from its extremities. 

The theory of the evolut«, one of the most elegant speculations 
of geometry, follows, it is evident from what has been done, as a 
natural sequence to that of the centre and radius of curvature. 
The honoi of its discovery is due to the celebrated Huygens, who 
del ved it diitctly fiom the principle we have jusl seen it involves, 
viB the describing a curve by means of a thread evolved or un- 
wr'ipped fiom another curve We shall see hereatler the impor- 
tant applieition of the theory made by Huygens, in researches in 
reference to which he was led to its discovery. 

We remark in passing that the peculiar artifice of the Calculus 
is still further seen in the preceding investigations. The set of 
auxUiary quantities first obtained not being suflicient for our pur- 
pose, a new one is introduced, viz, the second differentials, which, 
alike with the first, are eliminated when tlie object of their intro- 
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duution has been effected. The results obtained are thug left-, as 
thoy should be, iii finite and determinate terms. 

VII. ENVELOPES TO PLANE LINES. 

107. Tho cvolute to a plane curve may be considered as formed 
by the successive intersections of normals drawn, consecutively, from 
each point of the curve. From the theory of the evolute we are 
thus led to seek for some general method for the solution of all 
problems which depend upon the intersection of lines, whether 
straight or curved, which vary in position or magnitude according 
to a given law. 

Let F {x, y,a) = be the equation to a curve in which a is a pa- 
rameter to which any number of different values may be assigned. 
For every particular value assigned to a we shall obtain, it is evident, 
a particular curve of the class or family represented generally by 
this equation. Supposing the parameter a, therefore, to vary, let 
a and a -)- i^a. be any two successive values of it infinitely near to 
each other. Tho two cui-ves which correspond to these values will 
have for their equations, respectively, 

F(,^,y,a)=.0 (1), Fix,y,a-\-da)^0 (2). 
Tho co-ordinates of the poiafa of intersection of the two curves, 
will be the values of x aad y derived from these equations. But 
the second of these equations returns to 

a only being supposed to vary. The equations (1) and (2) may, 
therefore, be replaced by 

P(i,!,,o)=0 (3), <i.F(a:,y,o) = (4). 
The point of intersection x, y, determined by these equations, 
changes its position for every different value assigned to a, and will 
describe a continuous line when a varies without interruption. If, 
then, we eliminate a between the equations (3) and (4), the resulting 
equation, ip (x, y) = 0, will be the equation to the curve formed by 
the successive intersections of all the curves derived from the equa- 
tion F(x,y, a) = 0, when n is supposed to vary continuously. The 
II 
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curve, ip ix, y) = 0, possesses tJiG remarkable property that it toucli- 
esaU the eurvca rcpreseuted generally by the equation i^(a:,j/,a):=0. 
On this account it is called the envelope to these curves. - 

The lines represented by the equation F [x, y, a) = 0, it should 
be remarked, may not intersect, however near to each otlier the 
consecutive values given to the parameter a, as in the ease of the 
circle j/° -j- a,' — a = ; or the lines may all meet in the same 
point as ID the case of those comprised in the equation y = ax. 
We pass to some examples. 

Ex, 1. Let it he required to find the envelope to the series of 
parabolas whose equation Li y^^^a[x — a), in which a is the 
parameter. 

For the equations of condition we shall have 

5._«(i_„) = (1), Hf—a(^-a)) = (l (2). 

Differentiating the equation (2) witli reference to a, wo obtain 
a = Ix. Substituting nest this value of a in equation (1) we get 
y' ^ ix^, or, )/ ^ ± i^. The envelope sought will bcj therefore, 



Ex. 2. Find the equation to the curve which touches all the right 
lines determined by the equation i/^ax-\- — 

Proceeding as above, we find for the eqiiation sought y'^ ^mx. 
The curve is, therefore, a parabola. 

Ex. 3. The straight Hue PQ slides between two lines AX, AY, 
at right angles to each other, to find the envelope, or locus of its 
ultimate intersections. 

Let AX, AT be taken as the axes i 
co-ordinates. Let AP^^a, AQ^ 
PQ = c ; then the equation to PQ is 
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Diffcrentiatiug tliese equations with reference to a and b we find 

^ + ?^ = 0(3); ada-\-hdh=(i {^). 

By elimination between (3) and (4) we get —^ = ~-^,or— r=£ 

— ^; wlieace by substitution in (1) a?y-\-b'y^¥', or h''=c'y. 

In lilce manner we find o?=c'x. Substituting these values for 
a and b in (1), we obtain finally for tbe equation sought 

Ks. 4. Given the area of a right triangle, to find tlio curve to 
whioh the hypothenuse is always a tangent. 

Let the given area equal 2wi', AM = ^, MP = j/; and let 
AT = a, the parameter by the varia- j 
tion of which TPF changes its posi- * I 



tion. Then AF = — , and y = 

4?™' 
{a — x) tan ATF= {a — x)-^; 

■whence a'y^ Am'' {a- — x). 

Ana. xy = m^, or the curve is an 
hyperbola referred to its asymptotes. 

Ex, 5. Find the curve which is conslantly touched by the cir- 
cles determined by the equation {x — af-\-y'=:}/', a and b being 
tte co-ordinates of a parabola, so that b^ = Aina. 

Ans. if = im{x -\-m), which is the equation to an equal 
parabola, having the same asis, and the vertex of which is removed 
to the distance — m. 

In this example the ' 1 do t ' te s t for values of a Jess 

Ex. 6. A projectile d h g d f n tl piint with a con- 
stant velocity, but at d ffe e t ncl na( ons to the horizon ; to find 
the envelope to the curves t deser bea 
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Bj the ^jiintiplei uf Mi,clniiioa tlie path of the projectile is 
parahola repietented 
by the equation 

"— (1 + °")i ^- /g VV 

in which x and y arc the co-ordinates of the path of the projectile, 
a the trigonoinetrical taagent of the angle of projection and k the 
height due to the velocity of projection. 

Ans. x':=ik{/i — y) iho eqiiation of a parabola having its focus 
at the point 0, and its parameter equal to 4/i. If the surfece is re- 
quired, which bounds all the parabolas that may be described by 
the body, it will obviously be the parabolid having its focus at 0, 
and parameter equal to 4h. 

This problem was the first of the kind proposed. It was solved 
by John Bernoulli, but not by any generiil method. The general 
process for the solution of all questions of the kind is due to 
Leibnita, and is well adapted to eshibit the power and use of the 
Calculus, 

Till, QUAnKATURE. RBCTIEICATIOK OF CURVES. 

108. We come next in the theory of curves to the question of 
tlieir quadrature, rectification and the determination of the surfaces 
aud volumes produced by their revolution Formulas for this pur- 
pose we have already obtained and illustrated with sufEcient ex- 
amples. We have only to remaik. hue thit Geometry is indel)ted 
to the Integral Calculus for thcbO solutiuns while from the Differ- 
ential Calculus it derives the general method of tangents, the gen- 
eral principles of contact and osculation, ind tlie method of deter- 
mining the singular points of cur^e") 

IX. niFEEREBTIAL EQDATIOSS OS CDUVES. 

109. From what has been done, it will be seen that by means of 
differentiation, the constants of an equation maybe eliminated, and 
an equation of a more general character be obtained. 
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= 0, (3) 
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1. Let US take the equation of the i-ight line 

, = ax + i. (1) 

Differentiating and substituting for a its value 

an equation freed from tlie constant a, and expressing all possible 
right lines passing through a point determined by the constant b. 
Differentiating (1) twice in succession we obtain. 

aa equation entirely independent of tho constants a and />, and whieh 
belongs alike to all right lines drawn in the plane of the co-ordinate 
axes. It is called l/ie differential equation of lines of tke first 

2. Let us take next the equation to the circle ;/'-{- a' ^ Bl 
By differentiation we have xdx -|- ydrj = ; 

an equation independeut of the radius E, and belonging alike to 
ail circles having their centres at the origin of co-ordinates. 

3. Let us take nest the general equation of lines of the second 
order, viz. j/° =: mx -\- nx'. 

Differentiating this equation twice in succession, supposing dz 
constant, and eliminating m and n from the equations thus obtained 
and the proposed, we have 

y'dj:' -\- x'dy''— 'ixydxdy -\- yx'd'y= 0, 
which is tke general differential equation of lines of the second 

It is easy to see how we are to proceed in similar cases. The 
differential equations obtained, it ia evident, belong to a species of 
lines one of which is represented by the proposed equation. They 
express only the law by which the variable co-ordinates change 
their values. They ought, therefore, to bo independent of the oon- 



.■,. Google 



126 THE CALCULUS. 

stauts, which deterinine tlie magnitude and not tlie nature of the 



SECTION X. 
TBANSCESDEMrAL FUNCTIONS. 

We have thus far jii¥^tigated rules for the differentiation and 
integration of Algebraic quantities only. We now proceed to the 
investigation of those required for the Transcendental Functions. 

I. DIlTiiRENTIATIOH OF aKCULAIt FCNCTIONS, 

110. Let any arc be represented by z, aad let it be required to 
find the differential of sin z. 

If we suppose the arc to receive an infinitely small increment dz, 
it will become z 4- dz, and we shall have for two successive states 
of the function, sia z, and sin (z-j- dz). Whence, taking the dif- 
ference d. sin z = sin (s -j- '^^) — ^^'^ ^< 
or, developing sin {s -j- dz), Trig, art, 27, 

, . s,in z cos dz + sin dz cos s 

but, dz being infinitely small, wc shall have sin dz == d^, and cos 
i^z = E ; whence ^og ^ ^^ 

To find, therefore, the differential of the sine of an are, Multiply 
the cosine of the arc ly the differential of the arc, and divide the 
product by the radius. 

2. To find the differential of the cosine of an are. 

By a process altogether fcimilar we obtain 

d. cos z = —^ r- — — — cos s, 



or reducing 
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Thus, to flad tke differential of tte cosine of an arc, Multiply 
'he sine of the arc taken negatively by the differential of the arc, 
md divide the -product hy the radius. 

3. To find tlie differential of tlie versed-sine of aa arc. 

d. ver-aiu s = i^. (R — cos z) = — —— . 

4. To find tlie differential of the tangent of an arc. 
We tave tan z ^ —— ; wlience, art. 20, 

It cos xd.smz — K sin s d. cos s 



d. tan J 



or, by stibstitntion and reduction 

(cos'« 4- sin'z) dz E'tfz 
(?. tan z = -^ '— , — ■ ■- ■ ■ ;= ——• 

Whence, to find the differentia! of the tangent of an arc, Multiply 
the square of the radius by the differential of the arc, and divide 
the ■product by the square of the cosine of the arc. 

Since cot a := — : , we ohtaiii in like manner 

d COt!= — ~~ 

Whence, to find the differential of the cotangent of an aro, 
Multiply the square of the radius taken negatively hy the differ- 
ential of the arc, and divide hy the square of the sine of the arc. 

6. Kegarding the radius as wiitj, the preceding formulas become 

(1) d. sin z = cos zdz 

(2) t?. oose = — smzdz 

(3) d. ver-sin a = sin zdz 

(4) (i. tan z = — -=- 
^ ' cos's 

(5) rf. cots = -—. 
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The difFerentiala of the secant and cosecant are occasionally use- 
ftil. They are readily found, and are as follows 

(6) d. sec z ^ J — = f an 2 see zdz, 

,,^ , cos 2^2 , , 

(7) d. coseo s = .~^— := — cots cosecsrfs. 

111. In the preceding article we have regarded the sine, cosine, 
&o. as a function of the arc, the arc being regarded as the variable. 
It is generally most convenient to take the roverso of this, and to 
regard the arc as the function, and the sine, cosine, &o. as the 
variable. 

To investigate the formulas under this point of view, let s, as be- 
fore, represent any arc, and let y be its sine ; then y = sin s, and 
dy = d. sin s. We shall have, therefore, 
cos zds 





'^y—-ii 


-; whence dz^ 


r-tiy 






but CO! 


.z = (U'-sin^E)^: 


= (ii'-/)^; 


hence 






dz = 


Wdy 




(1) 






(R'-r)^' 














wMeh i 


is fhe differential of ) 


m arc, whca its ; 


nine is 


( regarded as the 


indeper 


ident variable. 










2. Let J/ = cose; then 


dy = d.<iosz, I 


md V 


re obtain in like 


fflannei 


V.iy Rdy 




(2) 






Sm 


(R'-?/' 


f 






which i 


s the differential of a 


Ill arc, when its 


cosin 


e is 


regarded as 


the independent variable. 










3. Let y = yer-sin2; then rf^ = c?. vcr-si 


■ns; 


and 1 


ve have 






, _-&dy ^ 









but cosa = E — y, aad sin2=[E=— (R — 2/)'J^=(2U)/— /)^ ! 
whence di ^ — r, (3) 
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which is the diffoi-ential of 


n arc, its vcr 


scd-sine hein 


g regardet 


the iudependent- variable. 








4. Let y = tan s ; then 


dy=sd.\&uz; whence 




dz = 








'"' T-i^^-^ 


cos=s 


R' 


11= 


seo'3 K' 


+ UhiV 


whence dz = 




(4) 





the differential of an arc, its tangent being the independent variable. 
112. The following notation has recenily heen introduced into 
the Calealos, and is found of great convenience. 
Sin -';; = the arc whose sine is y, 
Cos -'i/^ the are whose cosine is ji, &o. &c. 
Employing this notation the four preceding fonnulas, together 
with those for the cotangent, secant and cosecant, will bo expressed 
aa in tie following table. 



K = 






(!-;,')§ 









(2,-j')> 


4. 


(?, tan- 


■? = 


1+!/ 


5. 


d. Got-hj 


= - 


dy 
1 + !/" 




^.sec- 


'y = 


d. 




,j{y--lV 


7. 


, J 






y 




S{!/'-l)^ 



ady 



d. tan-'y = 
d. cot-'^ = 



(2«!,-,-)* 

"' + / 
__^y_ 



a ^dy 
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We paKH next to some examples, regardlug R aa 1. 
Es. 1. Let 2i = xmR-'x, to find the differential of u. 

Ex, 2. Let u = {sm-\r.y, to find dv. 

An.. 2™-.x^:'i^. 

Ex. 3. Let !( = tan-'^--, to find du. Aus. "i"!"^- 

Ex. 4. Given ([=tan~'^, fo find du. 

ind hence 

y +^ 

113. In tte Trigonometry we have found rules by which to com- 
pufjj the sines, cosines, &a. for every minute in a quadrant. The 
Calculus enables us to develop new and more convenient theorems 
for this object. 

Eesuraing the Theorem of IMaelaurin, 

let it be proposed to develop the sine and cosine of an. arc in terms 
of the arc itself. 

Let y ^f{x) = sin a: ; then, radius being unity, 



whence, putting a:^0, these values bee 



' 1 1. a. 3^1. 2. 3. 4. 5 
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2. To develop the cosine in terms of tlie are. 
Proceeding in a manner altogether Bimilar, we obtain 

The two series converge rapidly when the are is small aJid are of 
great utility in the calculation of the trigonometrical tables. 

BIBFERENTIATION OP BXPOWBNTIAL rUNCTIONS. 

114. Let it be proposed next to find the differential of the quan- 
tity ffl^, a being coustant and x a variable exponent. For two suc- 
ceasiye states of the quantity we have a" and a^+''^ ; -whence 

.;a^ = «^(«^^-l). (I) 
But to roidor this expression of service we must develop the 
term, o!^, so that dx shall not be employed in the expression as an 
exponent. In order to this we assume d = 1 -|- i, and developing 
by the binomial formula, we have 

whence, since dx is infinitely small by the side of the numbers 1, 2, 
&c., we have by transposition and reduction 

hence, by substitution in, (1) and replacing h by its value a — 1, 
da''=a-<lx\_{a~\)-\{a~\f-\\{a — Xf^..:\. (3) 

115. Let it now be proposed to find the difforentiul of the loga- 
rithm of a quantity. 

Whatever the base a of a system of logarithms, wo shall have, x 
being any number, 

X = log it \ whence dx=d. log a" ; 
substituting this value of dx in equation (3) 

Jo-=.rt.log<.-[(o-l)-i(»-l)'+S(«-l)*-*<il 
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Let o^ = 5/ ; then we shall have 

dy 1 

Eepi-esenting this last factor, which ia constant, by M, we shall 
have for any system of logarithms 

The fraction M, which depends wpon the hase a of the system of 
logarithms employed, is called the modulus of the system. Hence 
in any system, the differential of the logarithm, of a quantity is 
equal to the modulus of the system, into the differential of the 
quantity dioideii by the quantity itself. 

If we take the most simple case, and suppose itf ^ 1, the system 
will be the Saperian, and we shall have 

Hence, the differential of the Naperian, logarithm of a quantity 
is equal to the differential of the quantity divided by the quanti- 
ty itself. 

The Naperian logarithms, so called from the name of their in- 
ventor, are those asually employed in algebraic calculations. They 
are usually designated by l' or log^. We shall employ the common 
designation log. to express them. The Naperian logarithms will be 
understood, therefore, by this term, unless the contrary is expressed. 

If from lie expression for M wo calculate the value of a for the 

hypothesis M =,1, it will be 2.71828 nearly. This number is the 

base of the Naperian system of logarithms. It is of frequent oae, 

and is commonly designated by e. Thus we have 

e = 2.71828. 

We pass to some examples. 



Ex. 1. Fmd the differential of log (a + a: 



dx 
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Es. 2. Find tte differential of log -^^■ 

d. log — j— ssd\\oga — log((i-j-i)]. An 

Ex. 3. T'ind tke differential of log {xij). Ant 

Es. 4. Find the differential of log — , Ar 

Es. 5. Find the differential of log 



»+» 



Ex. 6. Find tlie differential of Jog {a'+x')^'. 

d. log(o' + i')S = A jiog(o' + i'). An.. 



Ex. 7. Find tlie differential of log [^ + (1 + 3:=)^]. 






(1 + 1=)* 
116. Tlie difFerentiala of oxponciitjal functions are readily found 

by the rule for the differentiation of logarithmic functions. 
1. Let the function be u = a^. 
We haye log w = a^ log o ; 

whence d. log u ^ log adx, 

du , , 
or — = log adx i 

wlience. du = log a.(£'B,x, 

Tlius the differential of an exponential function, whose exponoBt 
only is variable, is ec[ual to tho continued product of the Naperian 
iogarithm of the base, the function itself and the differential of its 
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2. Let the function he u = x". 

We liavQ log u^ y log x ; 

whence — = dy\o^x ~{-y ^i 

and du = x''\i3gxdy-\-yx'^'dx. 

Thus the differential of an exponential function when both the 
base and the exponent are variable, is equal to the sum of the dif- 
ferentials found by considering each separately as constant and the 
otter as variable. 

INTEGRATION or CIKCDLAR FUNCTIONS. 

117. Eeversing the process of differentiation, we shall have for- 
the integrals of the four fundamental elementary difierentials, art, 
112, radius being 1, 

•'(1 — „■)» •"+!' 

(2) /-J?L=.„„i„-,,, ,4,/_J?L^ = .„-.„ 
■^ (2i/-!/')' '' S(S'-I)' 

to each of which, in the practical application of them, a constant C 
ihould be added. 

In order to see how the constant is determined, we take the for- 
mula (1) for example. 






Here, if we estimate the arc from the beginning of the first cjuad- 
rant, since the sme will be when the are is 0, wc shall have, it is 
evident, C ^ 

Let the arc be estimated nest from the beginning of the second 
quadrant. This supposition mil render 



/•-^'-^=o,f»j,_i. 



-'/)' 
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Bat )/ = 1 gives Hin-'y = ^ ^ ; whence = J «-[- C, or C = 
— ^n, auii we have for the corrected integral, 

118. Expressions whick do not appear in the above forms may 
often be readily reduced to them. 

Thus let it be retiuired to find the integral of 






Put x = av, then dx=adv, and {0= — x'y = a {\ — v')^ ; 
whence by Buhstitution du ^ -, 

and we have, comparing with formula (1) above, 

whence, replacing v by its value. 

In a manner altogether similar the following integrals are obtained. 
/•_i---„^=.vor..i„-.i (2) 

/VJ-^=|l»-^ (3) 
The formulas above are called circular forms. 

INTEGRATION OF LOGARITHMIC EDNOTI0N3. 

119. Keversing the process of differentiation, art, 115, we have 
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In like marnery*-^-- = log (o + x). 

In general, if the numerator of a fraction is the differential of 
the denominator, the integral will be equal to the Naperian loga- 
rithm of the denominator. 



Ex. 2. Find the integral of ^--^-^ . Ans. log {1 + x^). 



An.. «loga + :.). 

dx 1 

Es. 4. Find the integral of — . Ans. — log x. 

In general if the numerator of a fraction is the differential of tho 
denominator multiplied or divided by a constant quantity, the in- 
tegral will bo the Naperian logarithm of the denominator multi- 
plied or divided by the same constant quantity. 

120. Expressions which do not appear in the logarithmic forms 
may frequently he i-educed to them. 

1. To find the integral of ■ ^ -, 

Put ;!:' — a' = z^, then ^ = — , and we have 
dz-^ dx:dz-.: x-\-z-.x-, 

dx dz -}- dx 

or replacing z by its value, and introducing the double sign, since 
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the processes in the two cases will be altogether the same, we have 
r-^-^=.H[, + {i-±a')k. (1) 

2. To find the integral of — — — —- . 

p. a_ __f(£__ ^„ _1 ^ . 

which reduces to the preceiJing case, and we have 

^.(.•+.')> '■•'(=■+1)^ 

Beplaeing z by its value, and using the double sign as before, we 
shall have 

3. To find the integral of ^-f^^. 

KeoolleotinE' that -^ ^, = — : — ^ = — , 1 , 

Ex. 4. To find the integral of -j-'^- 

By a process aitogethor similar to that pursued in the last case, 

we obtain. „ , i , s 

p dx 1 , /x — (i\ ,,, 

Ttio formulas thus obtained are called logarithmic forms. 
The circular and logarithmic forms, together with the more sim- 
ple algebraic foTmJ'x"^dz = "X'T '^o"*':''"*^ ^"^ fundamental fop- 
12* 
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ELTjlas, To one or more of those forms it is the object of almost 
every process of the latcgral Calculus to reduce the integrals of 
ebraie expressions. Before proceei^ing further, how- 
shall make some application of the addifional principles 



SECTION XI. 



TttANSCEKDENTAL CURVES. 

121. Curves may be divided into two general classes. 

1°. Those whose equations are purely algebraic. These ai'e called 
Algebraic Curves. 

2°. Those whoso equations involve transcendental esprcssious. 
These are called Transcendental Curves. 

We have already considered those of the first class. We will now 
take some examples of the second. 

122. A curve formed by taking for abscissas the 
;nces, and for th 
s called the cur 



a circle 



from to an 
oorrespondin 



■e of sines 



1. Figure of t?te curve. The equation to the 
and for the first and second dif- 
ferential coefficients wo have, r 
being the radfus, 
dy cos X d'y sin x 



dx 







and by the process explained 

art. 96, we find 

1°. The curve is always concave toward the asis of x, 

2°. It intersects the axis at points for which we have x — 

X^Trr, fl: = 2^7-, &c. 
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3'. For all values of x from 3:^0 to x = '^r, y is positive, and 
the curve lies above the axis of z ; from x = nr io x= "iTir it is 
negative, and the curve lies below tlie asis of x ; and so on alter- 
nately. 

4°. It has miiximum ordinates, y:=:'\-r, y= — r, for x^^nr, 
xz^^l'i); &c,, and x = |iij-, a: = |iir, &o. 

5°, It has points of inflexion at a: = ^r, 2^r, &e. 

6°, The tangents through the points of inflexion intersect the axis 
at an angle of 45°. 

2. Area of the curve. For the element of the area, we have 
ydx = aia xdx ; 
whence A ==/sin xdx ; 

and integrating to radius )■, 

A = — rcosa:+C. 
Taking tho integral between x =: 0, 2 = ^j-, we havo 

whence, the area of the surface AmB is equal to twice the square 
of the radius. 

II. 1 



123. A curve referred to rectangular co-ordinates, in which one 
of the co-ordinates is the logarithm of the other, is called the loga- 

Let a represent the base of a system of logarithms ; then 0."= y 
win be the equation to the curve. And since different values may 
be assigned to a, there wilt be as many different logarithmic curves 
as there are different values assigned to a. 

If we make a: ^ 0, we shall have ^ = 1 ; and as we have the 
same result whatever the value of a, it follows that every logarith- 
mic curve will i?Uersect the axis of numbers at a distance from the 
origin equal to unity. 



.■..Google 




140 THE CALCtri.l 

1. Figure of Ike curve. If we ma 
a: = 3, &c, we shall have for the cor- 
responding values of y, y^\,y = 
V'a, 5( = f. y=aA/a,&o. 

Setting off the values of x upon 
the axis AX and erecting the corres- 
ponding ordinates, the curve i 
constructed hy a series of points. 

If we suppose tt||> 1, the logaritlims of nunibers greater lian 
unity being positive, the values of x will be set off to the right of 
the origin A. And the logarithms of numbers less than ucity being 
negative, the corresponding values of x will be set off to the left of 

FoTy = Q, a; = — 00. Thus the axis AX is an 
to the curve in the direction of x negative. For y :=o 
The ourve extends indefinitely to the right of the origii 
axis of X. 

2. Subtangent to the curve. 

Differentiating the equation of the curve, we have, i 

being the modulus, Mdy 

dx ^ - — -. 



asymptote 



Substituting the value of -j- i 
subtangeut, art. 30, wo obtain 



the general espressioii for the 



That is, the subtangent to the logarithmic ourve is constant, and 
is equal to the modulus of the sysleni of logarithms from tchich 
the curve is constructed. This is the most remarkable property of 

In the Naperian system M = \\ henco PT ^ 1. 
3. Area nf ike curve. To find the area of the curve we have by 
substitution in the element of the area and integrating, 
A=A?!/+0. 
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Taking tbo iDtcgval between the limits 3/' and y we have 
X = M{y — y'), 
that is, the area comprised between any two ordinates is equal to 
the rectangle under the siibtangent and the difference between the 
ordinates- 

If we suppose ^' = 0, K^= My, that is, the area estending 
from any ordinate indefinitely on the side on which tbe curve ap- 
proaches its asymptote, is equal to the ordinate multiplied by the 
subtangent. 

Thus the area extending indefinitely to the left of PM is equal 
to PM multiplied by PT. 

4. Solid of re i-.olution formed Iry the. curve. 

If the curve revolve about the axis AX, we shall have for the 
element dY of the solid thus generated, 

dY^MTfydy, 
whence V = i?tj,'XM. 

Thus the solid produced is equal to once and a half the cone 
gejieraled at the same time by the triangle having y for its base 
and M for its altitude. 

The leading properties of this curve were demonstrated by Huy- 
gens by the laborious processes of the Ancient Geometry. We see 
with what facility they are obtained by the Calculus, The curve 
itself is moreover not without interest. It admits of important ap- 
plications in Physical Science. Thus, since the density of the at- 
mosphere decreases geometrically as its altitude increases arithmet- 
ically, its density may be represented by a logarithmic curve, the 
altitudes being measured upon the asymptote. 

POLAK CO-OBPINATlilS Or CURVES. 

124. The curves heretofore considered have been determined by 
rectangular co-ordinates. 

But a point in a curve may also be determined by the radius 
vector AM and the angle MAP which this radius makes with a 
fixed axis AX. 
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The angle MAP is measured by the arc om to the radius 1, The 
arc om inaj, therefore, be substituted 
for this angle. The radius vector AM 
and the arc om will then be the polar 
co-ordinales of the curve. The point 
o may be regarded as the origin. 

It will be easy to pass from a sys- 
tem of rectangular co-ordioates to the 
polar eoHirdinates of a curve. 

LetAM=r, ow = (, AP = a:, PM = 5r. To determiDe the 
relation which exists between these co-ordinates we have 
AP = AM cos MAP, PM = AM sin MAP, 




or 






nt. 



e values of ^ and y in the equation to a 
a terms of rectangular uo-ordi nates, we shall have 
the equation to the curve in polar co-ordinates, or the polar equa- 
tion of the curve. 

If the origin of the rectangular co-ordinates x and y is taken at 
a point A' different from A, let yf, tj be the co-ordinates reckoned 
from A', and a, h the co-ordinates of A reckoned also from A'. 
Then we shall Lave 



which must be substituted for x and y in the expressions above 
obtained. 

Subtangent to Polar Curves, 

125. In a curve espressed by rectangular co-ordinates the sub- 
tangent is the line comprised between the foot P of the ordinate 
and the point T where the perpendicular to the ordinate, drawQ 
through P, intersects the tangent. In polar curves the ordinate is 
the radius vector AM. Eefaining, then, the same deftnition, the 
subtangent to a point M in the polar curve will be the line AT 
(fig. below) comprised between A the foot of the ordinate and the 
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n the curve 



point T where the perpendicular to the ordinate, drawa through A, 
intersects the tangent MT, 

The subtangent in polar curves ia, therefore, different from what 
it is in curves defined bj rectangular co-ordinates. For in the lat- 
ter it is always reckoned on the axis of abfici^as ; hut this asis does 
not esist in polar curves, and the subtangent Tariea its position at 
each point of the curve. 

To determine the subtangent AT, let M' be a point o 
infinitely near to the point M, 
and AM' the corresponding ra- 
dius vector. With the radius 
AM describe from A, as a centre, 
the arc MQ meeting AM' in Q, 
and, with a radius ^^1, describe 
from A an arc mq meeting AM 
and AM' in m and q. Let t = 
the measuring are, and )■ the ra- 
dius vector AM. Then, s: 
M3=(?(, and QM'=(^r. The 
ored as a right line perpendicular to AM, and the triangle M'QM 
e similar to the triangle MAT ; and we shall have 




will 



AT : AM : : QM : QM', 
or AT:r:rQM:,^r. 

But, from the similar sectors otAj, Q AH, we find QM=r-(?('; whenc 
by substitution and reduction we obiaia 

AT=tl- ,1) 

the general esprcssion for the subtangent to the polar curve. 
Diffei-BTitial of the arc, and of the surface of Polar Curees. 
126- Let z = the infinitely small arc M5I' in 
figure. Then from the triangle MQM', right angled at Q, i 
MM- = CMQ= + QM")^; 
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or substituting for tbese lines tlieir values, as above, we obtain 

&=(rti-+,;,-)i, (2) 

the differential of any arc of a polar curve. 

2, For the differential of the surface we shall -have, it is evident, 
the infinitely small triangle AMM' = l AM' X QM. Substituting 
for these lines as above, we have 

d^ = ^r^dt, (S) 

the espressioQ for the ilifferential of the surface of a polar curve. 



127. A spiral is a curve desaribed by a point which moves alor 
a right line in accordance with some law, the right line having i 
the same time a uiiiiorm angular motion. 

Thus let PD be a straight line which moves with a uniform a 
gular motion about the point P. 
When the motion begins, let a 
point M move also along the 
line PD according to any pre- 
scribed law ; the point M will / / ^1 M 

The fixed point P about which 
the right line moves is called the 
pole of the spiral ; the point M 
is called the generating poiat. 
The portion of the spiral generated ii 
spire. 

Let PA be the radius vector at the end of the first revolution. 
With P as a centre, and PA as radius, describe a circle Khc. The 
angular motion of the radius vector may be measured by the arcs 
of this circle estimated from A. Kbc is, therefore, called the 




L each revolution is called a 



measuring circle. 

Ilcfcrring to the above Agar 



e proceed to some of the spirals 
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wliich have been aii object of particular attontiou to geometricians. 
'Spiral of Archimedes. 

128. If wten the line PD moves uniformly about the pole P, 
the point M moves also imiforroly along tke line PD, the spiral is 
called the spiral of Archimedes. 

To find its equation, let the radius vector PM = j-, the measur- 
ing arc All = t, and the radius PA of the measuring circle = a. 
Then, Bincc the radius vectors are proportionate to tlio i 

PM:PA::areA*:circAJc, 



whenoa 



i 



which is the polar equation sought, 

1. To find the subtangent. 

Substituting in the general expression for the subtangent, AT = 

-J- , we obtain, P being fie pole, 
dr 5 

PT = ^-, 

tLe expression for the subtangent sought. 

If we make ; = 2n, we shall have AT = 2^, Hence, tke sub- 
tangent after theJiTst revolution, is equal to the circumference 
of the measuring circle. 

If we suppose m revolutions we shall have t = 2m^, whence 

PT=a«'=. = m.2Mn; 

hence, the subtangent after m revolutions is equal to m times the 

circumference of the circle described with the radius vector to the 

point of contact. 

2. To find the area. 

Substituting in the general element for the surface of a polar 
curve, dA. ^ \ r'dl, we obtain for the element of tte spiral 
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Integrating between the limits t = Q,t ^2-pp, wo obtain A = It, 
the area described by one revolution of the radius vector. Thus, 
the area included in the first spire is equal to one third the area 
of a circle, whose radius is equal to the radius vector after the 
first revolution. 

If we integrate between the limits ( = 0, t^2.2n, we have 
A^|jr, the whole area described by the radius vector ddriog two 
revolutions. But since the area described in the firet revolution ia 
repeated in the second, we shall have for the actual spiral area at 
the end of the second revolution 

This spiral was invented by Conon, a friend of Archimedes. Its 
properties, however, were discovered after laborious research by 
Archimedes, and hence its name. 

Hyperbolic Spiral. 

129. If while the lino PB revolves uniformly about P, the gen- 
erating point M moves along the line PB in such a manner that tlie 
radius vectors shall be inversely proportional to the corresponding 
ares, it will describe the hyperioUc spiral. 

The equation for this ^iral is 

2™ „ , 

r=— , or r = 2^t-^. 
t 

1, To find the subtangent. 

Combining, as above, tjie equation to the curve with the general 
equation for the subtangent to polar curves, we obtain 

PT = — 2™. 
Thus in the hyperbolic spiral the subtangent is constant. 

2. To find the area. 

Combining the equation to the curve with the gcnora! equation 
for the area of polar curves, and taking tho integral between the 
limits t=a, r ^ S, we obtain 



= 2*' 



<l-i)- 
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3. To find the asymptote. 

For i = 0, we have )• = CO and PT = — 2^. The spival haa, 
thorafore, an asymptote which will be pavaJlel to the asia from 
which ( is reckoned and at the distance 2rt fi-oai it. 

In general, if a particular value for I renders r infinite, while for 
the same value the subtangent is either finite or equal to 0, the 
spiral will have au asymptote drawn through the extremity of tlie 
subtangent and parallel to )-. 

Spirals. Equation r=:af. 

130. The spiral of Archimedes and the HyperhoHe spii'al are 
only particular cases of the curves represented generally by the 
equation r = aC, a being constant and m having all possiblo values. 

1°. Let n bo positive. Then if i ^ 0, we shall have r ^ 0, 
and the spiral passes through the pole. 

2". Let n be negative; the equation then becomes r=ai~''. 
Here if i^O, r = a) . In this class of spirals, therefore, the 
generating point must be considered as commencing its motion at 
an infinite distance from the pole, toward which it constantly ap- 
proaches aa the radius vector revolves, and which it can reach only 
after an infinite number of revolutions. 

In the general equation r ^ at", let n =1, we then have r = at, 
the spiral of Archimedes, In this spiral let t' = the subtangent, 
then r = a!°, which is the equation of a spiral eompreh ended in 
the same general eqnation. Thua in the spiral of Archimedes the 
locus of the extremity of the subtangent is a spiral in which t is 
reclioncd fronj a lino 90' distant from the original axis, since / 
makes a right angle with )■. In like manner the locus of the ex- 
tremity of the subtangent to the spiral / ^ ai^ is a spiral, and so 
on ; ( in each case being measured from a line 90° distant from 
that in the preceding curve. 

In the general eqnation r = at", let n = — 1, we then have the 
hyperbolic spiral. If m = — ^, the spiral is called the Liluus, 
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This spiral will have tJic lino from which t is reckoned as an 
asymptote. 

Logarithmic Spiral. 

131. If, while the line PD moves uniibnnjy about P, tlio genera- 
ting point moves along PA in such a manner that the radius vector 
increases in a geometric, while the angle increases in an arithmetic 
ratio, it will describe the logarithmic spiral. 

From the definition we shall have for its equation 



where r represents the radius vector and t the 

1, Suhtangent to the curve. For this we obtain 

PT 

PT = Jt?r ; whence -^=M. 

Thus, the tangents, at eoery point, walie the same angles tvi/h 
the radius vectors drawti to the point of contact. 

2, Area of the curve. For this we find 

A=iMr=+C, 
in which the constant will be 0, if the area is reckoned from the 
pole. If ilf c= 1, we shall have A = \r' for the area of the Na- 
perian logarithmic spiral, 

3, Length of the arc. For this we have 

in which C is 0, if we reckon tie arc from the pole. 

If M=l, z^r s/2. lu the Napenan logarithmic spiral the 
length of au arc, therefore, reckoned from the pole, is equal to the 
diagonal of the square described u-pon the radius vector. 

Thus the length of the are is finite, although the number of revo- 
lutions of the radius vector between the pole and its otier extremi- 
ty is infinite. 

The logarithmic spiral was invented by Descartes in his investi- 
gation of the nature of the line, on which a body acted upon by 
gravity would be uniformly accelerated, the force of gravity being 
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always directed to tte centre of the earth. The line snught, he 
found to be a spiral having its pole at the centre of the earth. 

The fiill discussion of this curve was, however, reserved for 
James BemotilH, who first applied the new Calculus to Geometrical 
investigations. This spiral was one of the first curves examined 
with the new instrument. Among the properties immediately dis- 
covered was the remarkable one, that the spiral in a groat variety 
of eireumstanoes reproduces itself. Thus it is its own evolute and 
involute; and if another equal spiral be rolled upon it, the pole of 
the rolling spiral will describe an equal spii-al. On this account 
Bernoulli called it spira mirabilis, and saw in it a type of constan- 
cy amid changes, and an emblem of the resurrection. 

The most important of the Transcendental curves is the Cycloid, 
to which we shall attend after providing the moans for determining 
some additional integrals. 



SECTION XII. 



OF INTEGEATION. 

132. The Differential Calculus, considered in itself, is fur in ad- 
vance of the Integral. For there is no quantity the differential of 
which cannot be found, while there is a largo class of differential 
expressions the integrals of which cannot be obtained ; either be- 
cause they are not the result of an esact differentiation, or because 
the process for their integration has not yet been discOTCred. 

The problem of integration may be divided into two parts. 

1°. To find the values of the elemenlarj/ integrals, or such as 
cannot bo reduced to forms mote simple. 

2°, To cause a proposed integral to undergo such transformations, 
that ita integration may be made to depend upon some one or more 
of the elementary forms. 

We have already found the elementary integrals both atgebraio 
33* 
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and transcendental. We now proceed to tlie second part of the 

I. Change of form by some common algebraic process. 
133. When the proposed expression is not in the form required 
for integrat t m y f t w h 1 dj n be redttoed 

to the prope f m hj mpl Ig l \ 

1. Perfor p t d t ! 

Es. 1. T fi d th t I f (1+ )£? 

Performin th p t th It th result are 

each integrabl d w h 

/■(1+ W = + + . Ans. 

Es. 2, I'ind the integral of —~ . 

Performing the division in relation to x, we have 

x'dx V4_ "^'^^ . 

and ne shall have for the integral 

— i^' — 2"^° — a^j^^a'log (a — x). Ans. 

Es. 3. Find the integral of- — — *. 

Adj. Ji--« + o'log(a + »). 

2. Dividing an expression into two others of which it is tlic sum 



^ tan^' j- ^ 5 log (a' -|- a:'). 

3. Adding and subtracting the same quantity. 
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El, 1. fx{a + x)Kb=J\x + a — a){a + x)hi, 

=f(i + afdx-„fla + x)hic; 
each of which arc known forms. 

whicli are known fonns. 

4, Multiplying numerator and denominator by the same quantity, 

Es, 1. Find the integral of (^°"''')^ jf. 

Multiplying numerator and denominator by (*^ — a')^,weha79 

/ ■(!■- Jj ^^J _ / •(t'-.-)lil . 

■whence, splitting the fraction into two 'others, as in the second of 
the preceding eases, the results reduce to known forms, and we have 



Ex. 2. Find the integral of *- 



Es. 3. Find the integral of ^^Jhl^, 



Ans. log[^ + (3:'-a=)^]+sec--. 

II. Change of form by aid of undetermined coefficients. 
134, Let the expression required to be integrated be a rational 
fraction in which the numerator is of lower dimensions than the de- 
nominator. We may in this ease, by the method of undetermined 
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coefficients, decompose the fraction into a sum of more simplo frac- 
tions, called partial fractions ; eacli of wliicli will be integrable. 

We take the two most simple cases. 

1. That in which the factors of the denorainatoi- are real and un- 

Ex, 1. Find the integral of -^ — ^. 

The denominator being decomposed into its factors x — a,x-^a, 
let U3 put 

A and B being two constants which it is reqaired to determine. 
This, it is evident, may be done by the method of undetermined co- 
efficients, Alg, art. 263. 

Perfonning the operations we obtain A=;— , B = -— -^; 
whence by substitution 

/» adx j_ z*'^^ "L r ^^ 



+ a 



M 



Putting the denominator equal to 0, and resolving the equation 
thus formed, we obtain x^2, a; = 4, The factors of tho denom- 
iuafor will be, therefore, a;— 2, x — 4, and we put 



{x — 2)[x — ^) x — 'l ^ x — 4.' 
Determining the coefficients we have A = ^, B^-^. 

Whence by substitution and integration, we have for the integral 
Bought 7 J 

-2-loS(^ — 4) — Y^"S(« — 2). Ana. 
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Ex. 3. Fliiii the integral of ^ _^ . 

Ads. 2 log (a: 4- 4)— log (^.■4- 2). 
2. Wo tate next the case in which the fdctors of the denomina- 
tor of the proposed fraction are real and some of them equal. 
a'dx 

"("i -<■)■(»+«)■ 

In order that there may be a sufficient number of equations to 
determine tie coeffieients, we must put 



Es, To find the integral of -r- 



from which we obtain A ;= i a, A'= -;-, B = -;-; and the inte- 
gral sought will he 

— 2t^/^ a) + T ^°^ (*-") + T log (^+'')- -A-ns- 

If the fractions are irralional they must be reduced, when it can 
be done, to a rational form, and flie preceding process be theo ap- 
plied. The process of reducing a fraction to a rational form is call- 
ed rationalization. It can be effected in a few particular cases 

III. Substitution of a neii) varial/le. 

135. Let it be required nest to fiud the integral of 
x'(a-\- x)^dx. 

If the exponent of the parenthesis were an entire number, the 
whole quantity might, as we have seen, be deveioped in a limited 
number of simple terms, each of which would be integrable. Our 
object is to substitute for the quantity within the parenthesis in such 
a manner as to render the exponent of the parenthesis entire, and 
the development, therefore, possible. 

Let us assume then, a-\- x:=z ; we shall have 
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Developing and integrating, we have for the integral in terms of s, 
or replaeing the value of z, 

/^■(«+i)'ii=|(« + ^)W-4"' + T«')- 

2. The two following cases of substitution are of frequent use, 
and general formulas for them are easily obtained. We take a few 
examples of each from which the nature of the method will be 
easily seen. 

Case I, Let it bo required to find the integral of 

x" (a -|- hx'fdx. 
Assume a-\-hx' = s', thea 

(.+*«■)■'=,■ (1); i"=-=°(2)i ,tii=!^C3)i 

whence, multiplyhig together the equations (1), (2), and (3), 
,, . , ,Jj ,s' — a, z^dz az''dz 

Tkus we have obtained for the proposed an equivalent expression, 
composed of two simple terms; and we have by integration, and 
restoring the value of z, 



7/i' 66' 

3v 1 simil 11 ■i il st tation we may always integrate a binomial 
Jifti-icntiil u,/ en tie exponent of the variable tviiJwut Ike paren- 
thesis increased by unity, is exactly divuiUe by the exponent of 
the variable tmlhiu 

liS 1 Integrjte the expression du:^^ {a -^ bx'')^dx. 
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Ex. 2. Integrate tie expression du^x'[a — z') ^dx. 

Case 11. Let it be proposed next to find tie integral of du = 

Assume l-]-a:' = iiV; then (1 -[- *')■"== )?-'^c-J (1); w''=t= 
-L-,d:,= -^=^ (2); and I = i'(.'-1)" (3). 
Multiplying togetlier equationa (1), (2), and (3),woliavc 

in wliioli the integration of the proposed is made to depend upoa a 
quantity consisting of one simple tevm only. 

Performing tlie integration and replacing the vahie of s, we ob- 
tain foi- tie integral sought ax 

— -|. Ads. 

(1 + z'f 

By a similar Bubstitation we may always integrate a binomial 
differential, when the exponent of the variable without the paren- 
thesis, augmented by unity, and divided ly the exponent of the 
variable within the parenthesis, plus the exponent of the paren- 
thesis, is a whole 7iumber. 

Ex. Integrate the expression i-'(l -— x') ^dx. 

a™. l±r(l-.-)i. 

IV. Integration by parts, 
180. We have for the differential of a product uv, 
d (mii) = udv 4" vdit, 
whence fudv = uv — fvdu 

By means of tliis formula we may often decompose a required in- 
tegral into two parts, one already integrated and tiic other easy to 
be integrated. 
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Ex. 1. To find tlie iiitegi-fil of x'dx {a? — i')^. 

Put x'^u, iiaAxdx{a' — x^'y^^do ; then by the formula 
/a;'{o' — x^Yxdx = — h x^a" — x'^f -f- If {a" — x^xd^; 
ivhcnce fx^dx{a — x')'^^ — lx'{d' — x'Y — ^^ {a" — x'f. 

Ex. 2. To find the iutegral of (a' — x'Y^dx. 

Put {(i' — x')'^ = u, &a^ dx = do. 

MiiUiplyiiig and dividing the proposed hy {a"— x")^, wo obtain 
the identical equation 

adding (1) and (2) we obtain 

which reduces the intcgratiou of the proposed to that of a known 
ibrm, and we have finally 

/(..■-^■)i«=j^(a'-»-)''+i»'™-'|- 

T-dx 
Ex. 3. To find the intcgi-al of — ^ . 

Ad3. _ia!(ffl' — a-'f + ia^m-'-. 

v. Method of Reduction. 
137. After tho first division of a proposed integral into parts, tho 
part to be integrated may again be divided into parts; and so on, 
until, in the cases to which the formula is applicable, a final inte- 
gral su£B.c!eiitly simple is obtained. Tlio process is called integra- 
tion by continvMioii or reduction. 
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The methoJ of reduction whiuli we have now to explain is cliffet- 
ent from this. It consists in transfoniiing, by aid of certaia aa- 
sumptions.a proposed integral into one more simple, and this again, 
by a repetition of the process, into one yet more simple, until it is 
made to depend upon the most simple of its class. 

The first form, to which the method applies, and the one of most . 
frequent occurrence, is the binomial form /^"^dxla -\- bx")". The 
method depends upon the principle that we may always maliC au 
integral of this form depend upon another of the same form iu which 
one of the indices ia altered; via. that of .c without the parenthe- 
sis by the addition or subtraction of «, and that of the parenthesis 
by the addition or subtraction of 1. 

Without preparing the general formulas, we shall solve a fow 
particular eases, which will be sufficient to show the general spirit 
of the method, and furnish the means of obtaining some additional 
integrals we shall have occasion to use. 

Ex, 1. Let it be required to find the integral of 

In this case the exponent of x without the parenthesis inust Ijk 
1 
diminished. We assume, therefore, 3^'(«' — x')^=u, from whinh 
we obtain by differentiation 

4 -S 

^xdMia' — xY^x'^d^ii^' — x^) ^=du. 

Multiplying and dividing the first term of the left hand ^ncmbiir 
by {a? — x^Y, transposing and reducing we obtain 

Zx'dx^^a^ ~~ ic')~^=:ia'-'dj.{ii — x f' — du. 

The integration, thertfore is now made to depend upon that of 
xdxia^ — a*j~ of the sime foini with the proposed but more 
simple. And this being a known fbim the lutegration is thus coiu- 
p!et«ly effected IntCgiatin^ and ttlucing we obtain 

14 
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Ex, 2. Find the integral of x'dx {I ~~ x'f ■■' . 
AKSume x(\—x')^ = ii. Ads. i sin-' a: ~ J k(1 — x=)"'. 

Es. 3. Find the integral of xdx ( 1 -f a-)-. 
As..>me x[l + xf = u. \m. -|- ( 1 + :.)= . ^~~. 

Es. 4. Find tlie integral of dx{a^-^ x-)~K 

In this case, tlie exponent of the parenthesis ismst bo increased. 
We assume, therefore, x{a^ -\- x')-^ =. u. 

Differentiating we obtain 

du=dx (a= + 3:')-=— 43.-Va:(a'-^-l^s=)-^; 
adding and subtracting 4a'dx(^ii^-\-x')-'', 

du = dx{a?+x')-=—idx{a'-^x^){a'-^x'')-^-\-4a-dx[a:'-\-x=)-'<; 
or <;« = ~3rfi-(«' + a.-')-^+4QVj:(a'-i- arVi 

whence, transposing and intugrating 

5 /* dx 



J (a'-\-xr ia'{'^'-\'xy'^ia'j[a' 



+^r' 



and tkc proposed integral now depends upon f dx (a^ -{- x^)-", a 
more simple integral of the same class, llepeatiug the pi'occsit 
upon Ihia h\sf, we o'jtain 

/!__i^_ -=J- __- f^ ' Ian-'— 

by me;ms of wliiuli the integration of tlio proposed is coripittcly 
effected . 

Ex. 5. Find the integral of .i-=(Z^(a' + 3;')~^. 

Here tlie exponent of £ without the parontliesia must be inc'rcasod. 
We aKumc, therefore, x-^a" -{- x")^ = u, and obtain 

*^.V+.0- ^"' '■"' '^""'^ xia^^x^)^' 

and thus arrive at a known fonii. 
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Ex, 6, Fmd the integral of dx[a'—x^)K 

Hei'G the exponent of the purenthesis must be duninished, and 

Differentiating we obtain 

du = dx(a'— 3^)^— 3:tVj.- (a'- 

from \vhii:h we derive 

and the integral now depends upon a quaiitiiy alrca,dy integi-aled, 

art. lae. 

Es. 7. Find the integral of dz {2ax — x"]^ . This is comprehen- 
ded In the general form above, since the factor x within the paren- 
thesis may he placed without. 

Assume x {3a.x ■ — x')^ = u. Differentiating and reducing we 
obtain 

dx{2ax—x'f = —{a3: — x''}(2ax — x''f^dx-{-du; 

= — dj: ('Mx — x')^ -\- axdx {2ax — x'j'^ -\- die ; 

'idx{2ax—x'Y =—a{<L-^x)di[2ax~-x')~^~-{-^Mx{2ax — x-'-r^ 

fdx {2a^-x'f = ^ (2« - x^) ^^~ ^ ver.sin-i~. 
Ex. 8, Find the integral of x'dx (jiax—- x") '■'. 
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Ex. 9. Find the integral of x'^dx [1 -j- x^yK 

Ana. l(l+^=)V^'-2). 

VI. Integration by Infinite Series. 

138. When the proposed differential cannot be integrated by tbe 
ordinary methods, it must be converted into an infinite series and 
each term separately integrated. If the series is converging, the 
value of the integral, it. is evident, may be obtained with such de- 
gree of approximation a3 we please. 

The folJowing examples will sufficiently illustrate the method. 

Ex. 1. Let it be required to find the integral of — -— , 
(Jonverting into series we have 

^; iiltiplying by dx and integrating 

.0^,=^-s-+i^-- £•+"'■ + "■ 

Recollecting that the left hand member = log (a -|- a,-), and de- 
termining the constant by the hypothesis x^O, we obtain the fol- 
lowing scries for log (a -\- t), viz. 

'»e («+-)= '"s ■+ T -£■+£. - £. + *'■■ 

Es. 2. Find the integral of ~ " 



' " ■ 


iTiieiniegrai oi j— ^. 




Ans. ^_i + ^_l + &o, 




Circular area forms. 


139. Bym. 


ians of series we may find, to any degree of approsi- 


mation we pie: 


ise, the values of the following integrals. 


(1) 


/dT{a^-i')i; (2) fdx(2ax-x')^; 
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the values of wliich we have already determined by tUe processes 
of arts. 136, 137. 

These integrala express, it is easy to see, tho area of a circular 
segment to the radius a \ tho first when the origin of abscissas is 
taken at the centre of the circle, and the second when it is taken 
upon the circumference. 

The values of the circular area fonns to the radius 1, have been 
calculated and registei'ed in tables. The above forms may, there- 
fore, be added to the elementary forms, art. 120, since an integral 
may be regarded as fully determined, when it is made to depend 
either upon the one or the other of them, 

Tables of elliptic and hyperbolic forms, as well as of some others, 
have also been computed, by means of which the process of inte- 
gration is, in like manner, £icilitated. 

With the increased means of integration now obtained wo resume 
the applications of the Calculus, ooinmooeing as proposed with the 
Cycloid. 



SECTION XUL 
'IKAKSCENBii^TAL CUUVIIS CONTINUED, THE CYCLOID, 

140. Ne\t to the conic sections the cycloid has received the 
greatest attention fiom m ithomatieians, and the result lias been the 
discovery of numerous pioperties of great importance both in ge- 
ometry and dynamics Tho investigation of these properties is well 
adapted to illu'*trate the power of the Calculus. To the more im- 
portant of them we now proceed, observing in general the order in 
which, by far inferior means, they were first discovered. 

141. The cycloid was first conceived by Galileo, who, from its 
graceful form, thought it suitable for the arches of a bridge. It 
is defined as follows, 

14* 
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If a circle GMR be rolled along a, straight line AL, any point M 
of the eircumference of this R/ j, 

circle will describe a curve, 
which is called the cycloid. 
The circle GMR is called M,^- 
the generating circle, and ^ j V>.J 

the point M the genera- f^ '^ ^i ^ '- 

ting point. 

If the point M is at A, on the lino AL, at the commencement of 
the motion, at the end of one revolution of the generating circle, it 
will again be found on the line AL. at some point L. And since 
all the points of the generating circle will thus have come succes- 
sively in contact with the line AL, this line will be equal to the 
circiimfcrence of the generating circle. It is called the hase of ike 
cycloid. The line BC drawn perpendicular to the base, at the mid- 
dle point C, is equal to the diametur of the generating circle, and is 
called the axis of the cycloid. 

If after one revolution the generating circle continues to roU 
along the line AL, another equal curve will be described. We 
shall consider only the curve described in the first revolution. 

142, To find an equation for the curve, let A be assumed as the 
origin of the co-ordinates. Let ub suppose that the generating 
point M has d^cribed the arc AM, and that E is the point of con- 
tact of the generating circle with the base AL. From 11 draw the 
diameter RG perpendicular to ALj and from J17 di-aw MP per- 
pendicular and MQ parallel to AL, Then AR will be equal, it is 
evident, to the arc RM, and PM will be equal to RQ which is the 
ver-sine of the arc RM. 

Let r ^ OR, the radius of the generating circle, AP = x, P]>J 
: = EQ ^ y. We shall then have 

^ = AR — PR = arcRM — PE; 
lint, from the nature of the circle, PR = MQ= {2ry — i^')^ also 



.■..Google 



AI.r.* OP THE CVCLOIJJ. 163 

tJie are RM = are whose versed sine is EQ or y ; substituting 
tliese values, we shall have for tlie equation to the eycloid 

X ^ vcr-sin-'^ — {2ry — y^' 
in which the ver-sin is fo the radius r. 

Differentiating both sides of this equation and reducing we obtain 

i.=_??' (1) 

(2rj,-j,')S 
the differential equation of the oysloid when the base is taken for 

± Taking nest the axis BC for the axis of x and the vertex B 
for the origin, let BN = x, NM = y. Then 

!/ = MO + EC == (2rx — x')^ + EO. 
But EC = AC — AR = j.r — arcME; whence 

{/ = {Qrx ~ x",i~\- itr — ver-sin-' (2r — a;) ; 
from which by differentiation and reduction we obtain 

dy = [^liril'h dx, (2 ) 

the differential equation of the cycloid, when the asis BO of the 
curve is taken for the asls of x, and the origin is at B. 
Area of the Cycloid. 
143, Galileo suspected the area of the cycloid to be equal to 
three times the area of the generating circle. This he sought to 
verify by a method purely mechanical. Failing to accomplish the 
object, he gave up the problem as hopeless. About the year 162S, 
Mereenne suggested the problem to Roberval, one of the most dis- 
tinguished geometers of the day, who failed to solve it. After a 
period of sis years, devoted to the study of the ancient geometry, 
the attention of Eoberval was again directed to the problem, when 
he succeeded in effecting a solution, Lot us now apply the Caicu- 
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Eesuffiing the general element of a curve surface dh. = ydx, aud 
integrating this expression by parts, we obtain 

A= xy — f xdy; 
substituting for dy its value from equation (2) of tte cycloid, we 
obtain for the area 



in wliich/t/j>{2r; 
r and abscissa x. 



= xy —fdj: (2w — ^^f + C, 
— i:'')^ espresses the circular a 



r area to the radiua 
2r, recollecting that 




a of the gem 



If we take the integral between x 
when X ^ 2r, y ^ AC = 
■!tr, we obtain 
A=^2jrr' — semicircle BGC 
. = Snj-" — ^vr''=i Tcr' ; 
whence, doubling to obtain 
the whole area, we have 
the area of ihe cycloid equal to three times the 
rating circle. 

T n n dIS 1 

144. The sue f P b 1 n d tl i d t f 

the cycloid was m t d by M t D t h n 

possession of the lyf n g t j f 1 1 h w th 

founder. Draca t dpltpLlhtlyftll y 

of Roberval, proposed as a challenge the problem of the tangent to 
(he eurre. Roberval failed to solve the problem, but Fennat, a 
geometer little inferior to Descartes, succeeded in obtaining a solu- 

We now apply the Calculus to this problem. 
I. Eesuming the general expression for the subtangent, art. SO, 
and substituting from equation i^l) of the cycloid, we obtain 
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2. By a similar substitution we obta.in for tlie subnormal 

Subnormal PR = (2r?/ — 7/)'^. 

But this (fig. art. 142) is equal to MQ. Tims Ihc normnl MR 
and the diameter EG of the generating circle intersect the base 
at the same point. 

This property furnishes a ready metliod for drawing a tangent to 
any point M of the curve. 

3. To determine next where the tangent is perpendicular to or 
parallel to the base of tlie eurvc, from the equation to the curve 
we deduce 1 

dx y 

Here if ytn put v/ = 0, ~ = <n . 

Thus the tangent is perpendicular to the base at the origin. 

Again, if we make « = 2r, we have ^ = 0. 

The tangent ie therefore parallel to the base when y is equal to 
2r, or at the extremity of the axis, 

4. Since for y = 2;-, ^=0, the maximum value of y imll he 
the diameter of the generating circle. 

Volume of tlie solids of Revolution. 

145. The nest problem in regard to the cycloid which obtained 
solution, relates to the solids formed by the revolution of the curve 
about its base and axis. This was accomplished about the year 
1644, and the honor of being first to obtain the solution is iaoon- 
testibly due to Roherval, 

Let it be proposed nest to find the volume of the solid produced 
by the revolution of the cycloid about its base. 

Resuming the general element for the solids of revolution, 
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dV z=: ^y'dx, and 

obtain _ /* ^y=dy 



Eoiployliig, to obtain the integral, the process of art. 137, we 
Reeume y^{2ry — y'y = 21, or placing the y^ within the parenthesis, 

Differentiating, transposing, reducing and integrating, we obtain 

y* ^fdy 5 /* 'y'Ji/ I . 1 



'"•J.n 



f^__ 



1 /o ^d 



If we now take the integral between !/ = 0, y :=2i; and double 
the result, we have for the whole solid 
2V = b7t'r\ 

But the base of the circumscribed cjlindor is equal, it is evi- 
dent, to n^Sr)', and its solidity to 8ji=/'. The solid, thorofore, 
generated by the revolution of the cycloid about its baso is equul 
to fice-cighlhs of the ctTCumscribed cylinder. 
Segments of the Cycloid. 

146, Twelve years after the last of the preceding discoveries the 
attention of raatbematu lans was again directed to the cycloid by 
the problems proposed by Pase tl Thuf fiir the area of the curve 
and the volume ot its solids had been found for the whole curve 
only. Pascal proposed the more generil problem, viz. to determine 
any segment of the aiea and of the solids of revolution; and to 
the solution challengei the nixthematiciins of the day. 

The preccdiii solutions mhi ii'e this problem, so far as it relates 
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to the area of the eurve, and the solid produced by its reyolutioa 
about the base. 

Thua if we wish to find tlie area of tlie segment JIBJI' (fig. art. 
143), rosumiDg the expression for the area. 

A = xi,-/^:r(l>rr-^')i (1) 
we have only to take the iatcgral betweoa r = 0, » = BE. Twice 
the valae of thia integral will be the area sought. 

1. As a particular cape let x^BE = ^r. Then 

;/ =r GB + MG, arc BG = 00" = i nr. 
But GE = V (BE X EC) = V ( J'-')= i »■ V 3 ; and, by the 
property of the curve, MG=the arc B0-=: Jn?-; whence i/a= 
ii- a/S + ^^J-; wherelbre 

xij = ^r{}irn/ 3-^-1^ r) = hi-'' ^ 3 4-.>r'; 
also, art. 137, Es. 7, fd^[2rx — x')^ = —\r'^Z-l- -r^r" ; 
whence by sabslitutiou in (1) 2A= i r^ V ^• 

But GE X EC"=lrV-''- T'liis t''« "'"'5'' of the sCiStucnt is 
erjual, in this case, to tlio roetsinglo GE X EC. 

2, If a: = ?- we find, in like manner, the area of tie segment 
equal r'. 

The first of these properties was discovered by Huygens, and also 
by Wren in the researches occasioned by the challenge of Pascal. 
The most important result of these inveatigations was, however, the 
discovery by Wren of the reotiSeation of the cycloid, and the quad- 
rature of the surface of its solids of revolution. 
BecHfxation of the Cycloid. 

147. llesumiiig the espression for the element of a ciu-ro line 

ds = (dx' + dif)^^, 
substituting from equation (2) of the cycloid and reducing, we obtaiu 



<:f' 
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whence hj ictegration j^ 

Taking the integral between x = 0,x = BK (fig. art. 143], we 
have s = 2 (2,-BE)^ :^ 2 BG, 

since BG- is a mean proportional between BO and BE. 

Thus, the arc of the cycloid estimated from the vertex of Us axis 
is equal to twice the corresponding chord of the generating circle. 

Taking the integral between a; = 0, 3;^2r, wehave s!=2(2r) 
or twice the diameter of the generating circle. Thus, the whole 
length of the cycloid is four twnes the diameter of the generating 
circle. 

Surface of the Solids of Revolution. 

148, 1. To find the surface of the solid produced by the revolu- 
tion of the cycloid about its base. 

Resuming the general element of the surfaces of revolution 

ds = 2^y{dx'+dy')K 
and substituting from equation (1) of the cycloid, and reducing, we 

Integrating by the metliod of art, 137, we liavo 

S = 2,(2.)* [- K2r _ 5)1 _ 2s,(2,- - j)5] + C. 
Taking the integral from y = to y ^ 2j-, and extending the 
integral over the whole surface, we have 

When the cycloid is revolved about its base, the whole surfacv', 
therefore, is equal to sixty-four thirds of the generating circle. 

2. To find the surface of the solid when the curve is revolved 
about its axis. 
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Sabstituting in tlie general element from equation (2) of tte cj- 
yloid, we have , ,^ 

Integrating by pattsi and substituting for dy its value 

Integrating from X = to x =2r, and recollecting that -when 
a^ = 2r, y= nr. we have foe the surface 

Radius of Cttrtiature. Evolute. 
149. If we differentiate the equation to the cycloid 

regarding dx as constant, we obtain 

or reducing and dividing by y, 

= {2i-^ — /) iTy + rdy'i 

, . „ rdii' rdx' 

whence we obtain dy=: r^ t = ^■ 

2ry~y^ / 

Substituting nest the values of dy and ify in the general csprcs- 

sion for the ra,dius of curvature, 

dxd'y 
art. 102, and reducing, we obtain 

Uut if we determine the value of the normal IiIIl (fig, art. 141) 
we shall find MR.^^ j9ry)^. Thus ike radius of curvature cor- 
responding to any point of the cycloid, is equal to double the 
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Subslilutiiig nest in the formuks for tlse co-ordiiiatca of iha 
centre of the osculatovy circle, equations (7) and (8) art. 10:3, the 
Talues of dy, d'y already found, we obtain 

y = —i, x = a — 2{2ry~y'y. 

Substituting these values in tho transoondental equation of the 
1 
cjcloitl, a' = Yer-5in 'y — {2ry — ^')^, wo obtain 

« = ycr.sin-'(-4)+ (-2.i^i')i, 

the equation of tho evolute referred to the primitive origin and tUe 
primitive axes. It is also the equation of a cycloid situated below 
tie axis of x, tho generating circle of which ia equal to that of tho 
given OGe. 

If the origin bo transferred to A', A'C being taken equal to OB 
or 2>; the vertex E will be B 

transferred to A, the extremi- 
ty of tho base, and the arc 
A'A will be identical with 
the arc AB. Thus lAe evo- 
lute of the cycloid is an equal 

These properties were first discovered by Huygcns. 
Dynamical ■proper ties. 

160, In addition to the preceding geometrical properties, the cy- 
cloid is fouad to possess the two tbllowing renrarkablo dynamical 
properties. 

1°. It is l!i0 curve along which a body under the action of gravi- 
ty, will fall in the shortest time from one point to another not in the 
same vertical. 

2°. If the cycloid be inverted with its base horizontal, a body 
under the action of gravity will reach the lowest point in tie same 
time from ivhatever point of the curve it begins to fall. 
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Wc shall resume those probleii 
of the Calculus to Mei^hanics. 



e to the application 



SECTION SI 7. 



QUABKATUEB OF A 

151, We have now seen the manner in which the Calculus is ap- 
plied to the various problems which relate to plane curves. We 
proceed to some further examples of its application to the quadra- 
ture of areas bounded by curve lines and tho cuhaturo of the solids 
produced by their revolution. 

Ex. 1. Cissoid of Diodes. 

This curve was invented by Diodes, a Greek geometer who lived 
about tho sixth century of the Christian era. The purpose of its 
invention was the solution of the problem of finding two mean pro- 
portionals. The curve is generated as follows. On the diameter 
AB of a circle erect two equal ordlnates NR, MQ. Join QA ; the 
point P in which the line QA intersects NR will bo a point of the 
curve. In like manner, through A and 11 draw a line meeting in 
a point P' the ordinate MQ produced; P' will be a point in the 

To find an equation to the curve let AH — 22, 
Then, by similar triangles, 
PN 



■, PX=y. 




Fi''!ire of ike curve. 1°. It meets the diameter AB at the 
point A. 2°. It passes through (he point D, the extremity of the 
radius CD. S^. Tlio perpendicular BM, at the extremity of the 
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diameter AB is an asymptote to tlie curve. 4°. It consists of two 
equal branches, odc above and the other below the tliameter AB, 
and whict meet in a cusp at the point A. This last property, 
through the defect of their geometry, was not perceived by the 
ancient geometers. 

1. Tofiod the area. 

Substituting in the general element, dAz^ydx, we have for the 
area of the curve „ | , 

This integral is easily reduced to Ex. 8, art. 137. Integrating, 
however, by parts we have 

or area ANP = — 2?(2ffi — a:)^ + 3 circular area AXE + C. 

Taking the integral between x^Q, x=2a, the area between 
the curve and its asymptote will be three times the area of the 
semioircle AIIB. Or, doubling, on account of the two equal branch- 
es, the whole area of the curve will be three times the area of ike 
generati-ng circle. 

1. Volume of the solids produced by the revolution of the carve. 

First, if the curve revolve about the axis AB, we have, by sub- 
stitution in the general element, T^y'dx, of the solids of revolution, 
dividing and integrating 

J2a — x V ^ »2a — a:J' 

the constant being determined by reckoning the integral from the 
vertex A. 

Second, if the curve revolve about the asymptote, we have 

^ V = 7t(PSydy = ^(2a — xy S^f':7^ -~dx, 
= 7t {U — x)dx {lax —x'Y^; 
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n which, we obtain by integration 



(2aa 



Taking the integral between x^^Q, x = 2a, we have 

or doubling for both branches 2V = tTr'a". 

Ks. 2. The Witch of AgnesL 

This curve was the invention of an Italian lady, Donna Maria 
Agtiesi. It is described as follows. In the ordinuto produced of a 
circle AMB, take a point P such that PN : AB ; : MN ; AN ; P 
will be a point of the curve. Put- 
ting AO = a, AN=i-, PS = ^, 
the equation will be 

xf^ia\2a — x). 

1. To find the area we havo 



/jr~ 



yhence by the process. No. 4, art. 133, 

A = Sa [ (2ax —x")^-\-a -vof-sin-i^] + C. 

Taking this from a: = 2a to a: = 0, and doubling, wi 
2 A = Awa'. 






IfcDcc the whole area between the curve and Us asymptote, will 
be equal to four times tke area of the gciiKrating circle. 

2. To find the volume of the soJid produced hy the revoktion 
of the curve about its asymptote. 

Taking the asymptote AK for the axis of x, the equation to tLc 
curve will be xy = ^ai2ay — y^)^. 

But, integrating by parts, 

V = ^fy'dx = mfx — 2^fxydij, 
whence by subsfifution 

T = ,fx _ 4»o/rfj, (2.J -,fy + Ci 
and wo shall havo for tho whole voluuic 4yV. 



,> Google 



174 THK CALCULUS. 

Hx. 3. The companion to the Cycloid. 

This curve derives its origin from the cycloid. If, in the pre- 
ceding figure, an ordinate NBI of a circle be produced until we have 
KP equal to the arc BM, intercepted between it uud the extrentity 
of the diameter, the extremity P of this oi'diuato will be a. point in 
the curve. 

Putting AC = a, PN = x, AN = y, the angle BCM == «, the 
curve will be defined by the equations 

x = a., (1) 

S,=a(l + oos.), (2) 

To find the aiea, we take the differential of the 6rst equation and 
multiply the result by the seeoiid, which gives by integration 
A = <.'(. + ,m.)+C. 

Taking this between '•> = Q, = 71, and doubling, we have for 
the whole area 2A ■:= Sua". 

Thus the whole area of the curve is equal to tioice the area of 
the generating circle. 

Ex. 4. The Lemniscate of Bernotdli. 

The form of this curve is that of the figure 8. It has for its 
polar equation r° :^ a" cos 'la. 

To find the area, we have by substitution in the element of the 
aiea of polar eurves, rfA = ^r'dt, art, 126, and integrating, 
A = ^a'/cos 2Wa. = ia'/cos 2a.2(Z- = ia'sin 2-»+ C. 

If we take this from w s= to w ^ J k, wo havo 



This is the fourlli part of tlie a 


,rea of the whole curve, which is, 


therefore, equal to a'. 




Es. 5. To find the whole area 


, of the curve expressed by the 


equation y {a' — x' 


■)^=4.t;'. 


Ans. 4«V, or four times the a 


rea of the circle whose radius is a. 
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Ex. 6, Find tlie area of the curve expressed liy tte equation 

MCBLB INIEG11AL3. 

152. Wien an area is referred to rectangular co-ordinates, tie 
most general expression for its element is the infinitely small rec- 
tangle of which the differentials dx and dy are the aides. Thus we 
haye dA. = dydx. 

To find the area we must integrate between proper limits with 

respect to each of the viiriablos in succession. This double Integra. 

tioD is indicated by writing the sign of integration twice before the 

quantity to be integrated. Thus we have 

k.=ffdydr.. 

One of these integrations may always be performed, so that we 
shall have either 

/ji»+C, or/rfj+Ci 
and these integrals must be tiiken between, the values o£ y qt x by 
which the area is bounded. 

If we take the first of these expressions, the limiting values ofy 
wiU be either eoiistants, or functions of x which will be given by 
the equation of the bounding curve. Those being substituted, there 
will remain for the second integration a function of 2 alone, the in- 
tegral of which must be taken between the limits required by the 
problem. 

An expression of the form A :=fj' dydx is called a douUe in- 
tegral. 

153. In like matmer, if a solid is referred to rectangular co- 
ordinates, we may take for the element the infinitely small parallelo- 
piped expressed by the product of the difforontials dx, dy, dz. We 
shall have, therefore, 

dY = dxdijdz ; 
whence V ^fffdxdydz, 

in which the integral must be taken between proper limits with 
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respect to each of the variables iu suoceasioii. An expression of 
this form is called ii triple integral. 

The order of the integrations is altogether arbitrary, and we may 
employ that which is most convenient. Integrating, first, for es- 
ample, in respect to s, and supposing the integral to begin when 
s= 0, tlie expression for the volume beuomes 

V ^ffdxdyt, 
in which e will he given in terms of x and i/ from the equation of 
the surface. Substituting for t its value, the integration will then 
be reduced to that of a double integral which will bo a funotion of 
X and y only. 

Es. 1. The axes of two equal right circular cylindera intersect 
at right angles ; find the volume of the solid, common to both. 

Let the intersection of the ases of the eyliadors bo the origin of 
co-ordinates, and let their axes be taten for the axes of x and y. 
The equations for their surfucea, a being the radius of the base of 
the cylinders, will be 

x' ~\- 2':^= a', x' -\- 7/ ^= a' ; 
and V=fffdxdijdz. 

Integrating first in respect to s, and recollecting that the Integral 
begins when z^=0, Y^ffdxdi/z. 

Substituting next the value of s troni the first equation, 
Y =^ffdxdy(a' -^ x^)^. 

From the second equation we have i/= (a° — ^')^, which gives 
for the limits of )/, y^^:0,y^(a'' — 
these limits in respect to !/, we have next 

y=/ii(..'_i-). 

Integi-iiting, finally, this last between x = 



iglitli of the wliele intercepted Bolld, wliieli will be, 
16." 
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Ex. 2. Find the Tolumc of the elliptic paraboloid, which has ior 
the equatioa of the surface, 

We have \==ffzdxdy= (f)'^ffdx(hj('2bx-^y'')^. 

If we make 2 = in the equation of the surface wo obtain y' ^ 
2to, an equation which establishes a relation between the ordinates 
3;andy, from which we derive for the limits to y, j/=0, !/=(2ij:)*. 
The integral f dy{2bx — y''y expresses a circular area to the ra- 
dius {2bxy' and abscissa y, and which integrated between the limits 
y= 0, y= (2fe)^, (Es. 2, art. 136) becomes \nbx. Integrating, 
therefore, the expression for V between y ^ 0, y^ [2lx)^,v/ao)i- 
V = -J {ab)^-Jxdx = -J(^/.) V. 

If we now take this integral from a: ^ to ar = c and multiply 
by 4, we shall have n^abyc' for the volume of the paraboloid in- 
tercepted between the vertex and a plane parallel to the plane of 
yz at a distance c. 

Ex. 3. Find the volume of the ellipsoid with unequal ascs, the 
equation to which referred to the centre and axes is 

Substituting its value for s in the general formula \=ffidxAy, 
and integrating with refereoee to y between the limits y ss= 0, y= 



from which we obtain for the whole volume Y= | 
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If we make b and c each cqu^l a, wc shall have V =l'- 
volume of the sphure. 



SECTION XV. 
APPLICiTIO^ TO MECaiNICS. VAUIBD MOTION. 

154. Oar illustrations of the use of the Calculus aa an instru- 
ment of iiivestigaiion, have been derived chiefly from Georoetrj, and 
we have seen how important the service it has rendered this science. 
Problems, which solved by the previous methods, not excepting the 
more effective ones of Descartes, were tedious and embitrrassing, are 
solved by it with the greatest faeilify ; and otiiei-s, the solution of 
which entirely baffled the skill of the ancient geometei-s, yield at 
once to its power. 8r^lcndid as these triumphs are, they are com- 
paratively insignificant in view of the results it has accomplislied 
in the department of the Physical Ssienues, cspacially in that of 
Physical Astronomy. Here its powers are most conspicuously dis- 
played and its most wonderful achievemenls accomplished. We 
proeeed to aueh illustrations derived from these sources, as the na- 
ture of a mere elementary treatise admits, and which may serve to 
give some idea of the use of the Calculus in this higher and wider 
field of inquiry. 

155. A force which acts wiihout intermission, and the intensity 
of which remains the same during the tiino of its action, is called 
a cons/ant accelerating force. 

Let (p represent the velocity generated by the constant force in 
the unit of time. Then, since the intonsily of the force is measured 
by the velocity it is-capablo of producing in the unit of time, ip will 
represent the accelerating force. Let ii be supposed that the force 
has acted for a number of units represented by (, and let a be the 
velocity generated at the end of the time t ; wo shall then havo 
v= f'l, whence 



(1) 
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2. A yoloeity wliich is constantly ciia.ngmg is called a variable 
vdocity. Let v ba the Tariable velocity generated at the end of 
the time t. To find a measure for this velocity we suppose it to be 
constant during the next succeeding infinitely small element dt of 
the time. Let da, described in the time dl, be the corresponding 
clement of the space, wo shall then have 

dt ^ ' 

3. A force ivhich acta without intermission, and the intensify of 
which is constantly varying during the time of its action, is called 
a variable accelerating force. 

Let (p represent the variable forco. Assuming this force to be 
constant during the infinitely small element dt of the time, the ve- 
locity generated in this time will be ipdt. But the velocity genera- 
ted by a constant force in an infinitely small time dt is also infin- 
itely small. Denoting this by do we shall have dn -=^ ipdt, whence 

Bifferoutiating nest equalion (2), dt being regarded as constant, 
and substituting in (3) we obtain 

•P^^. ( ) 

or the variable accelerating force is cqua! to the second differential 
of the space divided by the square of the differential of the time. 
From the e(juations (2) and (3) a third may be derived which is 
sonictimes useful, viz. i 

ds= — vdv. (5) 

These are the fundamental formulas of varied motion. Let us 
now apply them to some examples. 

Eeclilinear Motion. Forces directed to a Centre. 

156. Let it be required to determine the motion of a body acted 
upon by gravity and falling vertically, the variation of gravity and 
the resistance of the aiv not being regarded. 
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III this case the accelerating force, f, will he constant, and de- 
signating it by g, the velocity communicaled in a second by gravity 
at the surface of the earth, we have 



Multiplying both sides by dt and integrating 

Bat since the velocity is 0, when ; = 0, tlie constant C is 0, and 
we have finally for the velocity 

•""St- m 

2. To find the space, we have ds = gidl, fi-om which wc obtain 
s=^gt\ (2) 

From the equations (1) and (2) we obtain by substitution, u" = 
2g,u or V ^ (2g'*)*, which gives the velocity acquired by a body 
falling through a given height. 

157. Let it next be required to solve the problem, taking into 
consideration the variation of gravity without regai-ding the resis- 
tance of the air. 

Let 8 be the centre of the earth, A the point from which the 
body begins to fall, P its place at any time t from the beginning of 
the motion. Let SA = a, SP = x, SM^^ r the radius of the 
earth, and g :^= the force of gravity at the surface of the earth. 



S M PA 

Then, gravity varying in the inverse ratio of the square of the 
distance, we have ip: g : : r^ -.x", 

whence "p = --j- ; 

and giving to ip the negative sign, since tlic force being directed 
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toward the origin tends to diminish tlie disl 
equation of the body's motion 



jyultiplying bott sides by 2dx, 

3dxd'x Hgr'dx 



whence by integration 



=.2gr^^ + C = 



dl= 

Detemiining tte constant, recollecting tlisit ??= 0, when 2= a, 
we have finally 

,=(s....,5(l-i-)=, (n 

which will give the velocity at any distance a: from the centre of 
the earth, or n—^x from the point from which the body begins to fall. 
If we suppose a = co and x^r,we shall have 

■, = (2jr)*; (2) 
that is, if a body fall from an infinite height to the surface of the 
earth, the volooity acquired wilt be finite and equal to (2ot)^. 

If we assume r = 3965 miles, and substitute this value in the 
above equation, we shall have the velocity at the earth's surface 
equal to 6.9506 miles per second. If then a body be projected 
upward with a velocity equal to seven miles a second, supposing no 
resistance from the air, it will not return again to the surface of 
the earth. 

Suppose a bocly falling from the distance of the sun ; to deter- 
mine its velocity when it arrives at the surface of the earth. As- 
suming this distance ^ 12000 of the earth's diameters or a = 
24000r, we shall have by the equation (1) 
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Performing the calculations we oljiaiu for the velocity sougbt 
6.9505 miles par second. 

2. To ficd the tiioe. 

Ilesuniing the expression for the Tclocliy — , aiBsingtlio sign — , 
BincE X decreases as ; increases, and deducing the value of dt, we 
obtain \i j.;^ 

hence bj integration 

But ; = when x^=a; henco C tz^ 1- « n, and wo hsivo 



^(^)'«" 



..,»---,c™.~.- + -], (3) 



wiich gives the time for any distance x. 

The distance of lie moon from Uio earth is 60 semi-diameters of 
the earth. Assuming a setni-diaineter equal to 3965 miles, the 
time ui which a body would fall from the moon to the earth's sur- 
face ia 4 days, 19 houi-s, 46 minutes, 40 seconds. 

158. A body descends, within a hollow tube, frcm a point with- 
in the surface of the earth, towards the centre. To determine the 
circH instances of tlie motioQ. 

In this case the forco will vary as the disfanco directly. Let S 
be the centre of tho earth, A the point from which the body begins 
to fill!, P its place at the end of any time ( from the beginning of 
the motion, and SM = the radius of the earth. 



8 P AH 

Using the same notation as in the preceding problem, let SA = 
BM = r, SP=.r; then g-.^-.-.r-.x. 
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aad tlie equation for the body's motion will bo 

rii' r ' 

from ivliioK vre obtain for the vclocily at any distance x from the 

.=(f)-'(.'-.-,-5. (1) 

Here if wc make x = 0, s.n-1 n = r, we shall hsva 

which ivlll be the voloeity of the body when it baa arrived at the 
eenire from the surface of the earth. 

From equation (1) we lia.ve, it is evident, u = for a: = n, or 
x = — a. This double value of ,T shows that when the body iu-.B 
fiilleu from any point to the centre, it will, in virtue of the velocity 
thus acquired, rise to an equal distance on the other side, from 
whence it will again descend, and passing through the centre rotura 
to the point from tyhich it first started ; and thus continue to vibrate 
forever, 

2, To find the time. 

Dedusing the value of dt from the equation for the velocity, giv- 
ing it the sign — , and integrating, wo obtain 



'=(i)'" 



(a) 

To find the time in which the body will fall to the e. 
6^0, which gives 



^(7)^- 



This result is remarkable, since it does not involve the distance 
from which the body begins to full. Thus the time of arriving at 
the centre wilt always be the same from whatever point the motion 
of the body commences. 

Assuming r=^ 3965 miles, the time of falling from the surface, 
or from any point, to the centre is 21' 7.3'; and in passing through 
the whole diameter 42' 14.6". 
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159, The preceding are only particular eases of tlio following 
general problem. 

A body P falls from rest from a given point A towarda a centre 
of force S, the foi-co varying as some power of tte distance SP. 
To determine tte circumstances of the motion. 



Let SA = a, SP= a:; and lot in represent the intensiiy of the 
force at the unit of distance. Without proceeding further with the 
general solution, let the learner now solve tiie following particular 
cases. 

1, Find the velocity when the force varies directly as the scjuare 
of the distance. 

In this case we shall have for tte equation of the body's motion 

ifx , 

dt"" ~ '"^ ' 
Proceeding j 11 the same raanner as before, we obtain 

,= ©*,.-.A A,„. 

2. Find the velocity when tte force varies in the inverse ratio of 
the square root of the distance. i i it 

Ans. v = 2m^(J~~s^)^. 

S. Find the velocity when tho force varies inversely as tlie cube 

of the distance. , 1 (a°— t')^ 
Ans. v = vi^ . 

4. Find the time when tho force varies in the inverse ratio of the 

cube of the distance. . ,_„ iL f 2 -'x^ 

160. Let there be nest two centres of force, the forces attracting 
in the inverse ratio of the square of the distance ; to determine the 
circumstances of the motion. 
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Lot A and B be the two forces at tlie points A and B. Let P, 
in tlio right line which joins these points, be the position of tie 
body at the end of the time t. and let D be the point of departure, 
the motion being from A toward B. 

__ _.^_________ ^ ^ 

Put A!i = r, AD = m, AP =.■ x. Let «' represent the inten- 
sity of the force A at the unit of distanso, and V that of B at ttie 



i' 



respectively when the body is at P. The accelerating force, it ta 
evident, will be etjtial to the difference between these two forces, 
sinje one tends to inoreaso the distance of the body from A and ihe 
other to diminish it. Wo shall have, therefore, for the equation of 
the body's motion 

IT'^ [c — if'^V '■"'"^ 

Multiplying first by 2,dx, and integrating, 

^^ = i?L + |! + c=.-. (2, 

To determine the constant, let k = the velocity of the body on 
its departure from the point D. Wo shall have, substituting for x 
in (2) its value m, 04= o^i' 

^ ' A-==-5^ + --+C. (3) 

Dedusing the value of C and substituting in (2) 

from which the velocity may be found for any position of the body 
between tho points A and B. 

There will be, it is evident, on the line AB whioh joins A and B, 
a point in which the two forces are equal ; so that if tho body 
should be placed at this point, or should arrive at it without any 
velocity, it will remain in e([uilibi'ium. 
16* 
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Let h be the distance AC of this point from A ; then 

from wliioh we deduce two values of h, one of which belongs to the 
point C between A and B, and the other to a point C', situated on 
AB produced on the side of the least force. The first of these 
two values is nt 

Lot -c he the least initial velocity which must be impressed upon 
the body in order that it may reach the point C with its velocity 
reduced to ; then 



by substitution in (4) wc! obtain 

2J' 2«' 2(0 + i)' 



(6) 



If the initial velocity k is less than u', the movable will return 
back toward A ; if greater, it will pass through C anc( move on to- 
wards B. If h Is equal to v' , the body will move on to C auci 
thero remain suspended hetiveen A and B. 

If A and B are the centres of two homogeneous spheres, the 
forces may be regarded as the attractions of the two spheres re- 
spectively, and the intensities a' aud i' will be to each other as the 
masses of the spheres. Thus, let B be the centre of the earth, A 
that of the moon ; the mass of the latter being assumed as ono 
seventy-fifth of the former, we shall have 



75' 
whence e 



= 0.10352c. 



1+V7i 

The point of equal attraction between the earth and moo 
therefore, very nearly one-tenth of the distance between t 
reckoned from the moon. 



.■..Google 



JiECTlLINEAR MOTION. 



161. Let the hocly he acted upon by an attracting and repulsivo 
force. 

Suppose the body placed at A to be acted upon by an attracting 
force tending to make it moTe from A towards B with £i motion 
uniforiuly varied, and a repulsive force varying invereeiy as the dis- 
tance from the point B and tending to push the body from B to- 
wards D. 



BAND 

Let AB ^ a, and N being the place of the body at the end of 
the time /, let AN ;= x. Let m ^ the intensity of the repulsive 
force at the unit of distance, and g = the uniform accelerating 
force. The equation of the body's motion will be 

^ _ m 

di:'~ a-\-x ^' 
and wc obtain finally for v^ 

«= = 2m log {a + ,7;) — 2m log a — 2gx, 
which will give tbe velocity when the body has passed over any 
epace x. 

The formula for v would find its application in the case of a pis' 
ton placed in a vertical cylinder open at top, and in which it moves 
freely. The piston is urged downward by gravity with a constant 
accelerating force, and pushed back by the elastic force of tho air 
beneath, varying in intensity in praportion inversely to the distance 
of the piston from the bottom of the cylinder. 

Forces directed in any manner in the same plane. Curvi- 
linear motion. 

162. In the preceding examples the directions of the forces have 
all been in the same right line. But the forces may bo directed in 
any manner with respect to each other. We shall take the most 
simple case, that in whicK the directions of the forces are all in the 
same plane. We have then the following general problem, viz. 
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To find Ikc eqnafiotis nf motion of a point moving in a plane 
and acted upon by any forces i)t that plane. 

Let tho forces be resolvod caeh into two otliars pardlel lo Iwo 
rectangular axes taken in the plane of the forccp. Let X repre- 
sent the aggregate of tho resolved forces parallel to the axis of ar, 
and Y tho aggregate of ttiosa parallel to the axis of y. Let x and 
y be the co-ordinates of the position of the point, and t the time 
reckoned from a given epoch. For the forces in x and y respec- 
tively we have, art. 155, 



di' 



— = Y, (1) 



in which X and Y will bo positive or negative according aa thej 
tend to increase or decrease the values of a: and y respootivoiy. 

Let ds be the element of the path of the point. Then — will bo 

the velocity of tho body in its path. Let a. and ^ he the angles 
which the element ds makes wilh the axes of x and y. AVe shall 
then have 

ds dx. ds d'l 

dt°°^''^~di' dt°''^^^dt' ' ' 

Tliese are the general cciuatlons by mcjins of whiuh the motion of 
the point is determined. The motion may be either rectilineal or 
curvilinear. 

1G3. Wo shall take a particular case of the two following gener- 
al problems, 1°. Given tho forces which act iijion a body to de- 
termine its path or trajectory. 2". Tho motion being known, to 
determine the forces that will cause the body to dcaoribc a given 
trajectory, 

I. Suppose a repulsive force to vary inversely as Ihe cube of tho 
distance from a given plane, and let a body be projected from a 
point at a given distance from the plane, and wilh a given velocity 
in a direction parallel to the plane ; fo determine the trajectory. 
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189 



Let AX, AV, be two rectangular axes, one of whicii AX i 
the given piane, and the other AY perpeudicuhr to it, and pas 
through the point N, from which, the 
body is projected in a line N3 parallel 
to AX. The trajectory, it is evident, 
will he eoaves to the given plane, and 
will be in the plane of the axes AX, 
AY. Let M be the place of the body 
at the end of the time ( ; let AP ^ x, 
PM = y, and a = the distance of the 
point of projection of the body from the given plane. Let m rep- 
resent the intensity of the repulsive force at the unit of distance, 
and u the given velocity of projection. Wo shall have for tho 
equations of the body's motion 




: dx = vdt, 



(1) 



dl' ' 



(2) 



Integrating equation (2) by the usual process, recollecting that 
the velocity in the direction of the axis of i/ is when j/=i a, we 
obtain ,iy' 



di' 






(S) 



Eliminating nest dt by means of tho equations (1) and (3), wo 
hnc, « being 1, „,jy _^d: 

(?'-»■)' ' 
Integrating this, observing that for x = f), y^a, we obtain 



(4) 






an equation whieli contains the variables x and y only, and which 
determine the trajectory. 
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Dedtising the value of y' from this equation wc ha¥o 

?■ = -$.(»■ + «•»'), 

tlio equation of tlie trajectory. The trajectory is, therefore, an 
Hyperbola whose semi-axes are c^o and a respeelivcly. 

From what has been done we see that if tlia functions X and Y 
in ec[uations (1) art. 162, are given by the conditions of the problem, 
and the integrals of these equations can be taken, they will contain 
the three variables x. y and ( only ; and if I can bo eliminated, we 
shall obtain an equation in x and y only ; which, expressing the re- 
lation between x and ?/, will give the equation of the trajectory or 
path described by the body. 

II. To find the forces which must act upon a point, so that it 
may describe the arc of a parabola with a uniform motion. 

Let s represent the curve, x and y the co-ordinates to any point, 
and y' = ^ax be the equation to the parabola. Then, aiucu the 
velocity is constant, we shall have 







whence 


d^"^ d-j? dy'' 
*- -- dt'—dr +rfi^' 


From the giv 


en equation y'' = 4uj:, we have 




t=& 


hence C 


^%i^^-)-^^%-^ 


Diffi^rcntlatin 


g this last and reducing, we obtain 




d'x Ci 
di' , 2 V'^ + ..)-' 


which gives the 


force parallel to the asis of x. 
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In a manner altogether siinilar wo obtuin 
d=y _ C'u 

for the foroo parallel to the axis of y. The negative tilgn shows 
that the force tends toward the axis of x. 

Combining these two forcea wo shall have the ivhole for^e which 
acts upon the point in any position in its path. 
Motion along Curve Lines. 
liji. The preceding formulasfor curvilinear motion apply equal- 
ly to motion along cui've iinefi, the reaction of the curve in the di- 
rection of its normal being regarded as one of the forces acting 
upon the body, and being resolved, with the othora, in the direction 
of the co-ordinates. It will, however, be raore simple iii the prob- 
lems we propose to solve, to consider only the forces along the curve. 
Lot AMB be the curve along which the body moves, and BZ 
the vertical axia to which the curve is referred. Let M be the 
point at which the body has arrived at the i 
of the time t. Let s bo the are BJI reckoned 
from the lowest point B. Let SIE be one of 
the infinitely small sides of which the curve 
AMB is supposed to be composed ; then ME 
= ds ; and dt will bo the time in which ds is 
described. Draw NO perpendicular to ME, meeting the vertical 
MO in the point 0. Then MO representing the vortical force of 
gravity, this force maybe decomposed into two forces NO and MN, 
one of which is perpendicular to, and the other acting along tho 
curve. The perpendicular force NO is destroyed by tho reaction 
of the curve, and tho only force which will cause tho body to move 
along the curve is MS, Draw the perpendicular MP mooting tho 
vertical ER in R; then by similar triangles 
MO : MN : : ME : EU. 
Let BP = a-, PM = y ; then EU = PQ = dr, and g being the 
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vertical force of gravity, we Lave for the accelerating force along 

tie cm-vc __MN— -^ ^ — — •> ^ 

^~ MB ° ris ' 

whenco by substitution in formula (5) art. 155, we have 

We place the sign — before gdx because the arc deereasea when 
the velocity increases. 

Integra,ting this eijuation we obtf.ia 

t'=2C' — 2^3r. 

To determine ttc constant, lot it be supposed that tie point from 
which the body begins to fall is A. Draw AZ perpendicular to BZ ; 
then BZ will be tie vertical hoiglit through which the body falls 
in its descent from A to B. LetBZ = /(, thenjf .i=A, ))t=0, 
and we have C^gh; whence 

y'=.^Sh — 2g:c = 2g(h — T) (1) 
= 2g-A ZP. 

Now if a heavy body fall through ZP, the square of its velocity 
Y', on arriving at P wiU be 

V==r9^XZP. 

Therefore, tchen a heavy body descends along any curve line, it 
has, at any point whatever, the velocity it woidd have acquired by 
faUing freely through a space of the savie perpendicular elevation. 

It is evident-, moreover, that the velocity which a body succes- 
sively aequirea by gravity in descending along a curve is entirely 
independent of the nature of the curve. It will be the same for 
all curves whatever, 

Substituting in the equation v = —- for v its value from (1), 

and affixing to it the negative sign, wc have 

it = p-i -. 

{2sY{h-xr~ 
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To find, therefore, the time employed in describing any aro BM 
of the curve, wo must substitute for ds ita value in terms of x and 
dj: derived from the equation to the curve, and then integrate. 

Prod. Let it be required to field tlie time in which a heavy body 
will fail through any arc B JI of the oyitloid, whose base is horizon- 
tal and vertes downward. 

We have, art, 147, for Ihe length s of any arc of the cycloid 
reckoning from the vertex B, 

. = 2{2ra:)^, 
r being the radius of the generatiug circle ; or putting a for the di- 
ameter of the generating circle 

whence, substituting in the formula for dt and integrating 



'-{0 



Taking this between ihe limits x-^k, x=(i,vi 



'&■ 



Tliia result, it is evident, is entirely independent of the length of 
the arc s. If a body, therefore, descend along an arc of a cycloid 
having its base horizontal and vertex downward, the time of reach- 
ing ihe lowest point will be the same whaleeer the length of the 

Since the body having fallen to B will, with the velocity acquir- 
ed, ascend in the same time to the same height on the other side of 
the curve as that from which it has fallen, the whole time of the 

oscillation of a body moving on a cycloid will be 9^1 — 1^, or 

And since the times of these osoillattoas will be equal, 

whatever the lengths of the ares, the cycloid is said ta be tauto- 



^©* 
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The property of ta.utoclironisin| first discovered liy Huygena, led 
to the application of a pendulum vibrating in a cycloid to regulate 
the motion of a clock, 

Sioee the cycloid ia at once its own involute and evolute, a pen- 
dulum may he made to vibrate in a cycloid in the following manner. 

Let two equal semi-cycloids A, CB be placed in the same vertical 
plane with their bases horiaonta! C 

and vettiees downward, and let 
them be joined in a common point 
C at the extremity of the bases, 
their convexities being turned to- 
ward each other. Let a ball bo 
suspended by a fine thread from 
C, the distance between the centre 
of the ball and being taken equal to the e 
semi- cycloids. If the ball be now made to vibrate between the two 
semi-cycloidial ares, the btnng will ipply itself successively from 
one to the other, and the ball will thus be made to vibrate in a cy- 
cloid. The impulse by whiih the vibrations of the pendulum are 
maintained should be communicated to it, it is obvious, when at the 
lowest point of its motion 

165. A curve ravolvt's uniformly about a flsed asis ; suppose a 
body P descending along the curve ly the action of gravity ; to de- 
termine the velocity of the body at any point. 

Let AC be the curve, AB the axis about which it revolves and 
which we suppose to be vertical. Let the j 

arc AP = i ; draw PM and CB perpen- y'''^ 

dicular to AB, and let AM = x, PM = j, 
AB = /,, CB = a. Produce PJI to li, 
and let PR represent the centrifugal force 
developed at P by the rotation of tliecur^ 
and let this force be resolved into two, < 
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RQ perpendicular to tie cuiTe, and the other PQ in the direetioa 
of tlie Ungcnt at P. Thco 

PQ = PE cos EPQ = Pll . ^. 

Let V represent the velocity at the point of the curve ; that 
at P will ha ,, 



Then, since the centcifuga! force is equal to the square of the 
velooitj divided bj' the radius, wc have 



We shall have, therefore, for the accelerating force 
the rotation of the curve 

Again, the accelerating force resulting from gravil 



heace we have for the whole accelerating force 



Substituting neit in formula (5), art. loD, and integrating, we 
obtain V' 

^'=^/ + 2.-^- (1) 

Determining aest the relation of the variables x, and y for each 
point of the curve, and eliminating one of them, we shall obtain au 
expression by which the velocity at any point of the carve may be 
found. 

Peob. Let the curve.be the quadrant of a circle conves to the 
psis of rotatioa which also touches it. 

1. To find the velocity at any point, 
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Let AC in the preceding figure be the curve, O tlio centre, AB 
tiie axis of rofation. Let the oentre be the origin of tlie co-ordi- 
nates ; then a being the radius of the circle, wo have 

or x^i^ay — y'r; 

whence by substitution in (1) 

Let ( denote the time in which the point C will describe the cir- 
cumference of the circle of which BC = a is fie radius, we shall 
l»ave g^ _ 

whence v^ =. 

which will give the Telocity at any point. 



SECTION XVI. 

APPIJCATIOK TO MECUANICa CONTINOBD. EQUILIBRICM. 



166. Ill order that a material point or body may remain at rest 
ill the same position, the resultant of all the forces which act npon 
it must be eijual to 0. 

Let the directions of all the forces whicli act upon the body be 

in the same plane ; and let the aggregate of the forces resolved in 

the directions of two rectangular axes be represented by S and Y 

respectively. The equations of equilibrium will then be 

X = 0, T = 0. 

Let it be proposed to find the conditions of equilibrium when a. 



Sled b,. Google 



EQUILIBRIUM. 



197 



e being ia a vertical plar 





^ 

X 


/ 


A 


./ 


P X 



and referred to rectangular axes. 

LetAM = ;B, MV = y, be tlie co-ordinates of the body at tte 
point P of the curve, and let the arc 
BP =j s. Let tbe forces which act 
upon the body, resolyed in the direc- 
tions parallel to the ases of x and y, 
be represented by X and Y respec- 
tively ; X and Y being regarded t 
pesitive when they tend to increase x 
and y, and negative when they tend to 
diminish thera. Let It be the reaction of the eutve in the direction 
of the normal, or which is the same thing, the pressure of the body 
upon the curve. 

E«solving It in the directions parallel to z and y, we have for 
tLc resolved part in the direction PX 

It cos EPX = R sin XPT = R % 
and for the part in the direction PY 

E cos RPY = — E cos RPM = — E ^. 

By the conditions of equilibrium we must have then 

' ds ds 

The first of tlieso ei|uation3 is evidently equivalent to 

and if we multiply the second by -^, add it to this last, and reduce, 
we obtam Xdx + Y^'i, = ; (1 ) 

which is the equation of ef[uililrium sought. If now the equation 
to the curve is given, we ^hall know ths, rehition between the forces 
X and Y, by means of whi i I tht equation to the cui've, the 
17* 
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particular values of j: ind y may be fo e) for which the body wili 
be supported on tl e uive or 1 e n ei^u 1 b u 

So far as the coal t ona of eju 1 ! r un ar conecrDod, it is im- 
material, it V 11 1 e obaa el whether the !oly rests upon a mate- 
rial surface BP or s euspeiled by a tr ny KP which confines it 
to this surface The fens on of the sir nj, i the direction of the 
normal, suppi es' m th s case the reict on ot th curve. 

Pbob. a 1 ody P a i pendel by a str ^ PC- without weight, is 



levhe 



n tho 



circle of wh h PC the n 1 us Suj; 
pose the body to he acted upou ly gi avi 
ty, and by a repulsive force, acting fi'om 
the lowest point A of the circle, in the 
inverse ratio of the square of the dis- 
tance ; to determine the position of equi- 
librium. 



LetCA=CP = a, AP = p, AN = a:, NP =?/. Letm = 
the repulsive force at the unit of distance ; at the distance p it will 

be —I. Resolvino; this force in tho directions of x and '/, we have 

P 
for the resolved parts 

P' P ' v' P ' 

whence, putting g for tho force of gravity, and substituting in the 
general equation of equilibrium, (1), we obtain 

(-_^),. + !:!|^^, = 0. 
\? / p 

Eliminating d'j by means of the equation to the circle, if =; 2ax 
— :c°, and reducing, we obtain 

from which the position of the body when in equilibrium is known. 
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167. PiWB. I. To find Ike centre of gravity of a ■plane surface 
bctiivded by a curve line. 

Lot APM be the surface. We suppose tKis surface divided into 
an infinite number of infinitely small 
trapezoids MPpm. The centre of 
gravity of the infinitely small trape- 
zoid mVpvi will be at F, the mid- X - 
die point of the line PM. Let OX, 
OY be any systera. of rectangular 
axes ; and draw FK perpendicular 
to OY. The moment of the trapezoid WPpm with reference to the 
axis OY, will be FK X MPpm. Let G be the centre of gravity 
of the surface APM ; then the distance GG' of G from the axis 
OY win, by Mechanics, be equal to the sum of the moments of the 
infinitely small trapezoids M¥pm divided by the isum of these trape- 
zoids or the surface APM, Putting in^ to this surface and re- 
garding OX and Y aa the axes of x and y, we shall have FK = x, 
and FK X MPpm = xdm ; 




PT^G?^^ 



whence 



GG-=': 



fzdm 



m 



By a process altogether similar we obtain for llic distance of the 
centre of gravity G from the axis OX 



Ge"=-'- 



(2) 



If the second of these equations is equal to 0, the centre of 
gravity will be on the axis OX ; if the first, it will be on the axis 
OY ; if both at the same time are equal to 0, it will be at the 
origin 0. 

Ex, 1. To find the centre of gravity of a segment of a circle. 
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Let be the centre of the cirele, MAM' the segment whose 
centre of gravity is sought ; and let 
the iises to which the centre of gravi- 
ty is referred be OA, 01. Then, 
since the area is symmetrical on both, 
sides the axis OA, the centre ( 
grayity G- will fall upon OA, and 
we shall have only to calculate its 
distance OG from the centre 0. Li 
this ease, a being the radius of the circle, A the origin, we have in 
the formula (1), x=a — x, dm = Sydx, and m = 2APM; 




whence GG' ■- 



2APSI ^ APM 



Substituting for y its value from the equatioE to the circle j' :^ 
2ax — x^, integrating, and determining tlie constant by the hy- 
pothesis 3: = 0, we obtain 

" 3 APM ~ 8 APM' 



0G = 



If MAM' be a semicircle, then OG = ^ AO. 

Ex. 2. To find the centre of gravity of the common parabola 
■whose equation is y':=px. 

Ans. Throe-fifths of the distance from the vertex to the chord 
which limits the surface. 

Prob. II. To find the centre of gravity of any arc of a curve. 

Let AM in the preceding figure be the arc. The distance of the 
centre of gravity of this arc from the axes OX, OY respectively, 
will be equal to the sum of the moments with referenee to these 
axes of the infinitely small arcs Mot, divided by the sum of the area 
or the wliole arc AM. It will be sufiicient to put, therefore, in the 
formulas (1) and (2) already obtained, m ^ the arc AM, and dm 
= the ditferential of this arc. 
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Ex. 1. To find the centre of gravity o£ the arc of a circle. 
Let be the centre of the circle, MAM' the arc symmetrically 
situated on each side the axis OX. Then 

in which, A heing the origin of the co-ordinates, x = a — x. Sub- 
stituting, putting for dy' its valne, and integrating we find 

the constaat being 0. Wc have, therefore, 

^^= MAM-""' 
from which it follows, that the distance of the centre of gravity of 
any aro of a circle from the centre of this circle is a fourth propor- 
tional to the length of the arc, its chord, and radius. 

For the semicircle we have OG = — . 

Ex. 2. Let the curve be the cycloid. 

Aas. The centre of gravity is on the axis, at the distance of one- 
third of this line from the vertex. 

Piton. in. To find the centre of gravity of a solid of revolution. 

In the preceding figure let AO, tho axis of x, be the axis of revo- 
lution. The solid being symmetrical io respect to its axis AO, the 
centre of gravity will be in this line. Putting m for the volume of 
the solid, we have for its differential, art. 52, dm:= -n-fdx. Hence 

Ex. 1. To find the centre of gravity of any segment of thesphere. 

Suppo.'iing the origin at the vertex A, recollecting that -m =: 
fnifdx. and substituting for y* its value from the equation y' = 
Sax — x', we have 
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whence we deduce AG = t — ^ -. 

Piittiag a: = a, we have for the whole 

That SB, the distance of the centre of gravity of a hemisphere 
from the vertes, is five-eighths the radius of the generating circle. 

Ex. 2. To find the centre of gravity of a paraboloid, the gene- 
rating curve being y' ^ 2px. 

Ans. Two-thirds the altitude from the vertex. 

Pbob. IV. To find ike, centre of gravity of a surface of revo- 
lution. 

The same things being supposed as in the preaeding problem, we 
have for the element of the surface, art. 58, dm ^ %7ty[dx' -\- dif) ^ ; 
whence, the origin being taken at the vertes, 

Ex, 1. To find the centre of gravity of tho surface of a spherical 
segment. 

Substituting for m wo have 

f2ny{d^' + df)^ 
Substituting next for dy' its value from the equation to the gener- 
ating circle, reducing and integrating, we obtain 
A.G: = \x. 
That is, the distance of the centre of gravity of the surface of a 
segment from the vertex, is one-half the altitude of the 

Es. 2. To find the centre of gravity of the surface of a cone. 
Ans. Two-thirds the distance from the vortes. 

HYMIODVNAMICS. 

I. Pressure of Fluids, 



.■..Google 



HYDROOyNAMTCS. 203 

IGS. To determine the pressure of a fluid upon tlie sides and 
bottom of a yessel whicli contains it, we suppose the fluid divided 
into an indefinite number of infinitely tliin parallel segmeata. Tlia 
pressure upon a point K of any one of these 
elementary segments QPyp is equal to the 
weiglit of the vertical filament IK of tho j\ 
fluid. And the pressure upon tho vertical 
section Q5 of the segment, will be equal to 
the weight of IK taken a'f many times as there are poinla K in Qj. 

Let IK =^x, s= the density of the fluid, and z = the vertical 
sectioB AQ of tke vessel, corresponding to the depth IK. The 
weight of the filameot IK will, it is evident, be equal lofsdx, and 
the pressure upon Qy will be Qqjsdx Thus wo shall have for the 
element of the pressure P upon any vertical section AQ of the side 
of the vessel, dP^dzfsdx. 

Let L be the length of the elementary segment ; thou the ele- 
ment of pressure for the surface will be 

dP = 1dzfsdx. (1) 

Pkob. 1. To find the whole pressure upon the sides of a cabioal 
vessel filled with a heavy fluid, the density of the fluid being re- 
garded as 1. 

Let (I =: the length of a sido of the vessel ; then L ■= ia, and 
P =f'iaxdx', 
= 2nx' -f C. 

Taking this from z^^^ to x = a, the whole pressure upon tho 
Bides of the vessel will be 2'i'. The pressure upon the bottom, it 
win be easily seen, is a". Thi;s the pressure upon the sides of the 
vessel is twice that on the bottom. 

169. A segment of a solid of revolution is esaotly immersed in 
water with its vertex downward. To determine the pressure upon 
ihe surface, tho density of water being regarded as unity. 

Let h ^ the altitude of the segment, x any abscissa reckoning 
from the vertex, and y the corresponding ordinate. Then in cqua- 
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tion (1) h=^2ny,dz = idx'-lrdy'')',tiod dx =^ d {k ~ x) ; we 
eh^ll have, therefore, 

dP = Qny [dx" -f- dy=)^ [k — x). (2) 
pROii. Let the solid imiuersed be the segment of a sphere with 
its vertex downward. 

By substitution in (2), r being tlie radius of the sphere, 
de = 2vtr{A^x)dx; 
wlience P = 2«r {hx — J x'). 

Putting X = k,v/e have for the whole pressare 

For a hemisphere the pressure will be ^r'. And for the whole 
ephere it will be i^r". 

170. Let it be supposed nest that the density varies according 
to any law , to determine the preaaure. 

In this case we suppose the elementary strata to be of different 
densities, the densities varying according to the given kw. Let S 
represent the variable density at any depth x below the surface. 
Tiie weii^ht of the filament IK, in the preceding figure, will be fSdx, 
and the expression for the element becomes 

dP = 'Ld=fBdr. (31 

Prob. I. A cylindrical vessel is filled with a heavy fluid, the 
density of which varies as the depth ; to determine the pressure 
which any part of the side of the vessel has to sustain. 

Let the part required be a vertical section of the side. Let h 
he the length of the section or height of the vessel, 8' the density 
of the fluid at the base, and z any variable depth ; then 

-?^ 

from which we obtain for the required pressure J S'/i'. 
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pROB. II. A conical vessel, resting on its base, is Gileii with a 
fluid, whose density varies as the deptli; to determine the pressure 
upon the side. 

Let A he the altitude of the cone, -r the radius of the base, x any 
depth from the Tert«x, y the radius of the section at the depth x; 
tJien, 9' being tiie density at the base, we have for the clement of 
the pressure i ^./^ 

But X :i/: : k: r; hence by substitution and integration 



and for the pressure sought 

p=,i»s-,-(J- + r')^s. 

II. Discharge of Fluids ikrmigA Apertures- 

171. If water be discharged from an oriflee in the bottom or side 
of a vessel wliieli is kept constantly full, the velocity will be equal 
to that acijuired by a heavy body in falling through a space equal 
to the depth of the orifice below the line of level of the fluid. 
Putting X for this depth, the velocity will be equal to (2^^)^. 

Let A ^ the area of the orifice ; the quantity Q of the fluid, 
discharged ia a determinate time u will he 

Q = Al(2.i)i. (1) 

If the vessel be suffered to empty itselti the velocity of the de- 
scending surface, and that of the fluid discharged, will be uniform- 
ly retarded. It ia proposed to determioe the time in which a ves- 
sel of any form will empty itself. Let A' = the area of the de- 
scending surface, A being that of the orifice aad x the depth of the 
fluid at the end of any time /. In the infinitely small instant of 
time dt, the quantity of fluid discharged through the orifice will be 
Adt{^gx)^. But in the same time the upper surface of the fluid 



.■..Google 



has desceni^ed through, the space dx ; and the vessel has lost a 
quantity of fluid equal to A!dx. Wc shall have, tliereTore, 

Mdx^A.dt{2gx)^; 

A'dx ,,^ 

whence dl= ,-; (1) 



from which t may be found by integration, A' being either constant, 
or capable, from the form of the vessel, of being determined in 
function a of x. 

Prob. I. Let it he required to find the time of emptying a cylin- 
der or prism, through an orifice in the bottom, 

la this case A' wiU be constant, and we have 

A' dx 

dl = r- ■ — • 

A(2^)§ x^ 
the sign — being given to x, siuce x decreases as ( increases. 

Integrating, and determining the constant by reGolleotiog that 
whenx^A, ; = 0, we obtain 

2A' 



-(k^~x^). 



A{2gy 

To find, the time of completely emptying the vessel we tiwe only 
to put a: = 0, which gives 

<=^. (1) 

But from what has been shown above, wo have 
Q,or A7i = A/(%/i)^; 

whence (= ■ : ■■. (2) 

2Ag^ 
Comparing these results we see that when a vessel is left to empty 
itself, the time employed is just dotiMe that required to discharge 
the same quantity lehen Ike vessel is kept full. 
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1*1106. II. To determine the time in which a given sphere wUl 
empty itself through an orifice at the lowest point. 

Let r = the radius of the sphere, 3: any depth from the bottom ; 
then A' = 5r(2ra — a'), and 

whence, bj integration we obtain for the whole time of emptying 



Es, 2, To find the time of emptying a given cone through an 
orifice in the vertex, the base of the cone being horizontal and its 
vertex downward. 

Let r= the radius of the base, k the altitude of the codc. 









SECTION XVII. 



S!ETHOD C 

172. In the problems already solved by aid of the ausiliiiry 
quantities furnished by the Calculus, the dependence of the vari- 
ables has remaiued the same throughout the entire process for their 
solution. But there are other problems in which this ia not the 
case; and the soiutioa of which becoming in consequence more 
difficult, requires additional aids in order to its accomplishment. 

Let it be required, for example, to trace upon a piano, between 
two poinfsAand D, a curve, of 
a given length, such that, AK 
being the axis and DK any 
ordinate perpendicular to this 
axis, the area comprised be- 
tween the curve and the ordi- 
nates AK, KI> may be the greatest 
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Tliis problem though comprised in the general theory of ir 
and miainia, is matetially different from those wo have already con- 
sidered. In the latter the relation between the variables, given by 
the conditions, remains the same throughout. All that we are re- 
quired to do is, to determine the particular values whieh must ba 
assigned to the variables, in order that the maximum or minimum 
sought may exist. But in the problem novf proposed, the relation 
itself between the variables, instead of being given, is the thing 
sought. The question is, among all the possible relations which 
may exist between the variables, to find the one in particular, which 
will fulfill the conditions of the maximum sought. In the class of 
problems, inoroover, to which the problem belongs, the funetion 
which is required to be a maximum or minimum, is not, aa in the 
case of the ordinary problems, composed solely of finite quantitiea, 
but, in general, is the integral merely indicated of a differential ex- 
pression not susceptible of integration. 

173, We now proceed to explain the nature of the new auxiliary 
quantities required in the solution of the species of problems under 
consideralion. In order to this, let it bo supposed that the curve 
AMND, in the preceding figure, undergoes a transformation infi- 
nitely small so as to become AM' N'D. Each point M' of the new 
curve may be regarded as a point M of the other, which, in the 
process of the transformation, has passed from M to M' ; so that 
each point of the new curve has its corresponding point in the other. 
In this transformation each of the quantities which belongs to 
the system, undergoes a change in passing from tho first to the sec- 
ond state which is called its variation. Thus, the variation of PiM 
iaP-jr_PM, the variation of QN is Q'N'— QN, that of tho 
entire curve is AM'N'R'D — AMNRD, and so on. 

The variation of a quantity, although the difference of two values 
nfinitely near each other of the same quantity, is not to be con- 
founded with its differential. Eor the latter is the difference be- 
tween two consecutive values of the same quantity taken upon the 
same curve ; while the former is the difference of two values taken 
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from one curve to another. Thus the differential of the ordiaata 
PM ia QN — PM, while its variation is P'M' — PM. 

To distinguish the variations from the ordinary differentials we 
employ tho characteristic S. Thus, the variation of x is indicated 
by Sx, tiat oty by Sy, and so on. 

Derivation of the Vuriations. 

174. In order to employ the new aus 1 ary qiiintitits we must, 
as in the ease of tlie ordinary differential" deteimine the manner 
in which they are derived from the primitiVL quantities foi which 
they are substituted in forming the equation if a pioblem 

From what has been done it will be pciccived that the variations 
are derived from their primitives precisely in the same manner as 
the ordinary differentials. Thus, to fiid tlte variat un of i we con- 
sider X as becoming x -\-8x; and s«btra(,ting tni, trot v^lll^, of the 
quantity from the second we have Sx for the variation sought. 
That ia, to find the variation of a simple variable, we merely place 
the letter S before it. 

In like manner to find the variation of x^, regarding x as becom- 
ing X -j- Sx, we have, for the second value of the quantity 
(x -\- Sx) (x-\-Sx)=:^-\- 2x5x -f Sx^. 
Subtracting the first = x' 

Variation = 2£Sx -\- Sx\ 

But Sx' being an infinitely small quantity of tJie second order, 
must be omitted by the side of ^xSz ; and we have, therefore, 83? 
= 2xSx. 

In gene 1 1 find th t n f a function we find its differen- 

tial by the mm n ul and th n eplaoe the letter d by S. The 
variation of | t tj th f merely its difierential taken in 
a new point f w '\\ p t ome esamples. 

^.s.. 1. T find th n f ^. Ans. xSy -f ySx. 

Es. 2. To find the variation of f'. Ans. 1^^^^-^^. 
dx ax 

18» 
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Es. 3, To find the variiition of (dj? -{-dy'')^. 



dxSdx -j- d 




{dx' + dy')^' 

175. "We thus see the manner in which the variations are derived. 
Between these and the differentials there are certain important re- 
lations which we will now esplaiu. 

If the figure be examined with attention, it will be observed that 
we may pass from the point M to W 
in two different wajs. 1°. By pro- 
ceeding from M to M' by the method 
of variations, and then from BI' to N' 
by the differential of the curve AM'N'. 
2°. From M to N by the differential] 
of the curve AMN, and then from N ^ 
to N' by tlie method of variatioua. 

Let AP = x, PQ = dx, PP'= Sx ; then p-Q'= ^AP' along 
the curve AMN ; whence P'Q'^ dx ~\- dSx, and 

AQ-= AP'+ VQ'=x + Sx-{-dx-\- dh:. 

Again, QQ' = SA.Q = 5j; + Sdx ; and 

AQ-=.AQ-\-Qq' = :^-\-dx-\-Sx-\- Sdx. 

Equating ttese two expressions for the same thing, an 
we obtain Sdx^dSx. 

In a manner altogether similar we find 
Sdy = dSy. 

Tliat is, the variation of the differential of any quantity is equal 
to the differential of its variation. 

From this principle we also derive another analogous to it, viz. 
cI/P =/'* P ; P denoting any function whatever of the variables 
X, y, z, &c., and their differentials. 

Indeed, let /P = U ; then by differentiation P = i?U ; and 
taking the variation i5P = &d\}, or, by the preceding principle JP 



(1) 



(2) 
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i=d3l!. Taking nest the integral of this last /i5P = 5U; or 
Bubstituting for U its value, 

/SP = dfP. 

That is, the variaiion of the integral of any differential quan- 
tity n-hatever, is equal to the integral of its variation. 

These are funditmental principles in the method of variations. 
Solution of PToblents hy aid of Variations. 

176, We proceed nost to show the aid derived from lie auxilia- 
ries DOW obtained, in the solution of some problems of max:ima and 
minima of the kind to which we have just referred. 

In tbe solution of such problems, it will be observed, we hava 
the same general principle as in the ordinary problems of maxima 
and minima. Thus, let fydx be the functioQ which is required to 
be a maximum or miniidum ; then Sfydx=Q; for the function 
having reached its maximum or miQimura is incapable of further 
r diminution, and its variation n 



.s to find among all 



u, therefore, be 0, 



177. It is required to find the curve of quickest descent, or that 
along which a heavy body will descend from one point to anotler 
in the shortest time possible. 

Let M, in' be the two points ; the questioi 
the curves which can be described between 
M and m', that along which the body will 
descend in the least possible time. 

LetCP = 3:, PM = j', CM = f. The 
velocity of the body moving io the curve at 
M will be (2-^)3, 
ty; whence 



g the force of gravi- 



dt' 



= (2ff^)^ 



xdt = 




wbtch, Mra being taken equal to ds, will be the time employed i 
moving from M to m. 
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Ijiit Op ^ :>:■-{- dx = x:', pM^ij-^-dy^y', and Cm^s-^ds 
= s'; then mm' being equal to ds', the time employed in moving 

from m to m', will be 7; and the whole time of moving from 

M to m' will be ds ds'^ 

But, by the question, this should be a minimum ; whence, omit- 
ting the constant factor, 



+ J*=0. (1) 



Substituting for ds, ds', thoir values in terras of da:, dy, and dx', 
dy' ; taking the variation in reference to y only, since x and x' are 
the same for all curves that can be drawn between M and m' ; and 
tiien restoring ds, ds' in the denominators, we obtain 



Again, whatever the curvea may be, the ordinate Om' is the same 
for all. Thus we shall have dy 4" dy constant, and by consequence 
S {dy + dy') = ; hence Sdy = — 3dj/. Tho equation (2), there- 
fore, by this means reduces to 

= 0; 







A,' 


A.~ 










* 
A. 


d,- 
~Ad/ 


(3) 




We have. 


thereib 


dy 


■ tlie same ; 


for every 


point of th( 


■ equal to . 


a constant. Let A be thii 


i constant 


; then 










• (1) 
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sDnrxroN of problem; 



the angle which the tangent line makea with the axia of abscissas. 
Let a be the valae of x at the point where the tangent is horizontal ; 



at this poiat 


the, 


angle will be a right angle 


ds 


hcnco 




A 




-& 


! (6) 




But ds = 


-.{dx' 


'+d,')''; wb», 


ce by substitution in (5) 








d,_ > 


i 


(6) 






■'' ,.^ 


r^Ti' 




Intogratit 


igth 


Is last, putting a 


= 2r, wf 


i obtain 








j/ = ver-siQ-'z- 


- (2r:c^ 


.^=)^ (7) 




which, art. 142, i 


s, in fiiiite terms, 


the equal 


tion to tho Oyo' 


loid. 



"We have, therefore, the Cycloid for the carve of quickest descent, 
or the Brachystochrane. 

Reviewing the course pursued, it is obvious that 

1°. By aid of the new auxiliaries, we have been able to find, with 
great facility, an equation for the problem, via, the equation (1). 

2°. By the conditions of the problem, we have nest been able to 
eliminate these auxiliaries, after they have served their purpose ; 
and have thus, equation (5), obtained a result iu terms of the vari- 
ables and their diiFerentials only. 

3°. The solution, being thus reduced to the ordinary Calculus, we 
nest eliminate, in the usual way, the differentials found iu this re- 
sult, and obtain finally an equation for the curve sought in terms of 
tho variables only and the constants which enter into it. 

So far as the mere solution of the present problem is concerned, 
we might have stopped at equation (6), since we had previously 
found this to be, art. 142, the differential equation of the cycloid. 
The course pursued exhibits in connection the manner in which both 
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the species of ausiliariea necessary to the solution of the question 
Bre eliminated, and the result, freed entirely from tho indetermi- 
nates employed, left in Bnite and determinate terms. 

178. Let it be proposed, as a second problem, to find among all 
the plane curves which can be drawn between two points that which 
ia tho shortest. 

Let j! , y' and i", y" be the co-ordinates of the two points, and s 
the curve sought ; then ds={d^ A^ Hy^Y, and we have by tho 
question 

8f{d-j?4^difT' = 0, or fS (,&^-j- ,;/)^ = 0. (1) 

Taking the variation, transposing tho t5, and restoring ds iu the 
denominator, we obtain 

Integrating next by parts, we find 

J., + g.,_/(.|.. + .g..) = 0. ,3, 

This equation consists, it is evident, of two distinct parts, one 
free from the sign of integration, and the other subject to it. The 
latter not being integrable so long as Sx, Sy preserve the indepen- 
dence which the nature of the question requires, its terms in x and 
y cannot operate the destruction of those in x and y of the other 
part. In order, therefore, that equation (3) may be satisfied, ita 
two parts must be separately equal to 0, 

Considering first the part of (3) under the sign of integration, 
and removing this sign, since if a function is equal to its differ- 
ential will also be equal to 0, we shall have 

d^-^5x-^d'^5y=.Q; (4) 

ds ^ ds 
but, Sx, 8y being independent, in order that this equation may be 
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Batisfied its two terms must also be separately equal to 0, and ^i 
sliall iave Ax . , dv 



ds' 
1 
for ds its value, {dx' -j- dy') ", and putting C for the constant, it 

becomes -^= C From which wc obtain by integration 
dz 

which is the equation to a straight line. 

Eeturning next to the part of equation (3) without the sign of 
integration, wo shall have for this part, the integral being taken 
between the two points x\ y', x", y", 

an equation which contains only tho values of Sx, Sy whioli pertain 
to the limits of the integration. Thus tho two parts of equation 
(S) differ essentially in their signification ; the part under the siga 
of integration establishing a general relation between the variables 
X and y, while the part without conneota the particular values which 
these quantities have at the limits of intJ3gration. 

The proposed problem admits of two cases, 1°, when tho two 
points between which the line of shortest distance is to bo drawn 
are fixed ; 2°, when the two points are situated each upon a known 
curve. 

In the first case, the variations of the co-ordinates x', y', a/', y" 
being each equal to 0, the terms of equation (5), or which is the 
same thing those of (3) without tho sign of integration, vanish of 
themselves. Thus the equation (4) is sufficient for the complete 
solution of the problem. All that is necessary is to draw between 
the two given points a straight line, which by this equation is de- 
termined to be the shortest distance between them. 
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II. For Ihe second case the problem may be enunciated as follows. 

Two plane curves being giyeu by their eijuations, to determine 
the shortest distance between them. 

From the preceding investigation the curve of shortest distance 
is already found to be a straight line. It only remains to deter- 
mine the points on the eurves through whieh the line must be drawn. 
The co-ordinates of the points, j:', ij , x", y", which are imknownt 
must, it is evident, be subject to the two following conditions; 1", 
they niast, with their variations, satisfy the first part of equation 
(3) put equal to 0. the integral being taken, equation (5l, between 
the two points as limits ; 2°. they must satisfy the equations to ihe 
given curves. 

Lot dy=^mdx, dy:^ndx be the differential equations, respec- 
tively, of the curves upon which the two points are situated. TheU) 
by the second condition, since the variations will have necessarily the 
same relations as the differentials of the curves, we shall have, 

5y- = mS^, dy" = jiSs" ; (6) 

whence by substitution in (5) 

(^:+»f:)--(S^+"f)-=»- 

But the variations S:^', Sx' being independent, the two parta of 
this equation must be separately equal to 0, and we have 

di' + nl^'^fS, or^!=-^, (7) 



whoBce by substitution from (6) 

^ ^ _ _ , V ^' „ _ -, 
ds" djf- ' cJ^ dx' " 

From Tvhich it follows that the right line already determined to 
be the shortest that can be drawn, must make a right angle with 
each of tke two given curves. 
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From the equation y=xC:e-\-C we have 1^?/= Ca'a:, And 
since the co-ordinatea x', ij, x" , y" must satisfy this equation, we 
obfaia by meana of (7) and (8), 

1 + Cm = 0, 1 + C-Ti=0. (9) 
But a right lino passing through the poiats :d,y', a;", y", has for 
ite equation /■ / 

!'-?'=!=^(»-*'); 

in this oase, therefore, C = %^-%-; whence by substitution in (9) 

i"-i'+»(y"-s')=», .■■-i-+»(s"-j) = o. (10) 

Combining next tbc^c equations with the primitive equations to 
the given curves, the unknown quantities if, i/, x", y" will he de- 
termined. We thu9 find the pomta on the curves, through which if 
a straight line he drawn it will be the shoitest distance between 
them. The problem is thus completely solved, 

Ex. 1 . Let y = x-\-% y = J- be two lines referred to the same 
axes ; to find on thcsp lines the points, through which if a right line 
be drawn it will be the shortest distance between them. 

Let the co-ordinates of the point on the first line be x\ y' , those 
of the point on the second ^", y" ; the equations to the lines will 
then be ?/' = a:' -|- 3, y"^ ^ rJ', from which we obtain 

__ (l£ 1__ _ __'¥_,. 

"^ dj^' ''■iy'" ^^ dx' ' 
whence by substitution and elimination in (10) we find x\ ij =i 
— 1.125, 1.875 ; a:", y" = 0.25, 0.5, the co-ordinates of the points 



Es. 2. Two bodies are moving, one on the line ^^a;-f-l, the 
other on the curve x"^-\-{y" — 3)' = 1. At what points must they 
be, at the same time, in order to approach each other the nearest 
possible ? 

179. The preceding problems belong to a class denominated 
maxima and minima absolute. We proceed nest to a problem of a 
different claes called maxima and minima relative. 
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To find the nature of the eurve, of a given length, Avhich shall 
inolose the greatest area. 

Let s be the length of the curve sought, thea 

and bj the first condition 

Sfidl' + d,')i = 0. (1) 

Again, for tie area of the curve we have fydx; whence by the 
second condition Sfydx = (}. (2) 

Multiplying equation (1) by an arbitrary constant n, and adding 
it to (2), we have 

8fl,jdx + n{d:^ + dy')^)^0, (3) 
an equation wHich implies that (1) and (2) are necessarily true, 
and which is sufficient for the solution of the problem. 

The process will now be the same as in the preceding problem. 
Performing the operations, we have for the part under the sign of 

""""•-/('*+'4)--<-— !)^0^ 

which gives to determine the curve sought 

dx — nd-^ = (}i 
ds 

whence, by integration, x — n~- = C ; 

which, substituting for ds its value {dx' -\- dy')^ , maybe put under 

the form (x — C) dx 

ay ^ — ^ J- ; 

or, taking the integral 

j, = -(n>-(«-C)-)^, 

which is the equation to the oivcle. Thus the curve eought will be 
the circle. 
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180. Problems of the kind we have solved hj the aid of varia- 
tions have received the name of hoperimetrical Problems; though 
the designation applira more especially to those of the class last 
considered. They engaged much tho attention of geometers about 
the time of the invention of the Calculus. The results obtained 
led, however, to no general rales, until La Grange conceiving, from 
a consideration of them, the idea of the method of variations, re- 
duced their solution to a common and general method 

The method of variations, though deriving its origin from this 
class of problems, is not confined to them. Indeed, it is, from its 
nature, manifestly adapted to all questions in which the magnitudes 
to be considered may he made to vary in two different w lys, or 
which require in their solution the use of difiereatjals taken in two 
distinct and different points of view. It is from this cuasideration 
that the method is peculiarly adapted lo the problems of rational 
mechanics and physical astronomy. 

The method, it will be obsei-ved, is not to be regarded ;i3 a now 
Calculus, but rather as an extension of the oi'dinary Calculus. By 
means of the ausiliaries introduced by the latter, we are enabled 
to solve, with facility, problems the solution of which entirely tran- 
acends the powers of common algebra. By aid of the auxiliaries 
provided by the method of variations, we again bring within our 
grasp problems which, in their turn, baffle the powers of the ordi- 
nary Calculus. In the two we have a logical instiument the most 
powerful the human mind has yet constructed. 



SECTION xviir. 



181. In what precedes, we have seen the application of the Cal- 
culus to various problems relating to force and motion. We shall 
now apply it to the two following problems of Astronomy, 
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1°. The heiivenly bodies being considered as spheres, to deter- 
mine their mutual attraction. 

■ '2'. To determine the law of the force which confines the planets 
and comets to their orbits. 

Before proceeding to tfie Qr&t of these questions, we take the fol- 
lowing more simple problems of attrartion. 

Prob, I. To find the attrii.tion of I uniform circular arc on a 
particle in the centre of the circlo, tho force varying in the inverse 
ratio of the square of the dist'iniii. 

Let C be the centre, BAD the are, A its middle point. Joia 
CA, this will be the line in which the resultant -|, 

of the attraction acts. Let Mm be any infinite- 
ly small portion or element of the are. Put the 
ande BOA = «, MCA = fl, AO = a. Then 
iiGm = dS; and the mass of a unit of length 
of the arc being regarded as unity, the mass of \ 
the arc Mm will be expressed by ade. The at- \ 
traetiye force of Mm on C, in the direction MO, -D 
will then be adS dS 

Draw PM perpendicular to AC ; then, to find the attractive force 
of Mwi in the direction AC, we must multiply the force in the direction 

CM byTrirf or cos ^. Putting A for the whole attraction, we shall 



Integrating, and taktDg the integral between the limits = 
:^— ij^ we have for the attraction of the whole arc 



Prob. II. To find the attraction of a circle on a particle situated 
n a line perpendicular to its plane, and passing through its centre. 
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Lets be tlie centre of the circle; P the attracted point; Sl'^r 
Pj?ii=:/; 8m any radius =3:, and 
SQ any radius indefinitely nearly 
equal to this, so that mQ 1= dx. Let 
the angle ASQ =: a> ; and, the radius 
SR being drawa inflnitely near SQ, 
tie angle QSll = dor ; thaa the quad- _ 
rilatera! Qj7ijiB,-= xdaidx. 

Let the law of attraction be represented by ? (/) ; then the at- 
traction of Q/khE will be expressed by xdaidx^if). And this 
being resolved in the direction PS, we liave for the element dX of 
tlie attraction, 

dX. = xd'^dx<p{f) ~; 




whence A ^fjxdadx 1? {/) — ; 

in which /=(r'+a:')i Let if>(/)=/"; then, faking the In- 
tegral froiu 01 = to 0/ = 2ir, we obtain 

A=f2nrxdx{r^J^x')T 
Integrating nest from a: =^ to 3: = a, and determining tlio con- 
stant on the hypothesis a!= 0, we have 

2^r "+? 

Bs, Let n = — 2, or the force vary inversely as the square of 
the distance, Hien 



.(1 ^Y 



Attraction of Spheres. 
182. Ketuming now to our object, let the following problem be 

19* 
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A spliericat shell of inconsiderable thickness is eomposed of par- 
ticles which, attract in the inverse ratio of the ^ij^uare of the dis- 
tance; to find the attraotioQ upon a particle withont the shell. 

Let 3 he the centre of the spherical shell, So its interior radius 
= y, 8» its exterior radius ■:^y -\- dy. Suppose 5 
two planes AGO, AnC, passing through AC, to 
make with each other an infinitely small angle 
Qrpn^ d", the plane of Gp/t being perpendirn- 
lar to AC. Let the angle PSG = S, and GSB A - 
^d6. Then the are Gn^y sin edni, and the 
arc BG ^ yd6. We have, therefore, for tie con- 
tent of the infinitely small solid Bo, S ^ 
y" sm6d6doidi/. 

Let 8P = i, PG^/. Then the solid Eo being 
infinitely small, its attraotioD may be regarded as 
that of a single particle ; hence we shall have for the element of 
attraction, dA, in the direction PG, 



dA = y 



aedSdsx 



Buty^i' — 2iy cos 9 -j- J/'. Differentiating this equation in 
relation to 9, 6 and y being independent, we have 

fdf=-^bi/doosff, 
and by eubstitutlon 

^^^yjyd-df^ 
^ f 

g this to the direction PS, since the attraction manifestly 
is direction, we multiply it by cos SPG, equal. Trig. art. 



aets in 
81, to - 



2 4/ 



- ; whence 



ydyd^Jf i'+f — f^ 

= 2i' ■ 7° 
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/" 
lotegrating first from w^O to w^2ii, 

'»* ('' + / 



_ / y^j% (J 



Integrating nest from /^ /< — y to /= i -f~ 3/' ^^ obtain 



-n 



Designating the internal and external radii of the shell, 'Ao and 
8r, by r, r respectively, and integrating finally between the limite 
r and r', we have for the whole attraction of tho shell 

An 

A = j^ (,--,.> 

But the mass of the shell is equal to the difference of the masses 
of two spheres, wliose radii are r and r' respectively ; hence, put- 
ting M for this masa, 4 

M=T^ (/■_,-), 

and we shall have, therefore, 

Thus the attraction is equal to the mass of the shell divided by 
the square of the distance from the centre; and is, therefore, the 
same as if the whole mass were concentrated in a single particle at 
the centre. 

If we suppose r^O, we obtain the attraction of a sjihero whose 
radius is /, Thus, the density of the sphere being uniforEi, the re- 
sult is the same for the whole sphere as for the shell. 

If the density varies aoeordtog to any law, we Bay consider tho 
sphere as composed of concentric shells with densities varying ac- 
cording to the given law. The law of attraction above obtained 
being true for each of the shells separately, will be true also for the 
whole sphere which is composed of them. 
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The heavenly bodies are very nearly spheres. Considered as such 
they attract, therefore, as if their whole masses were concentrated 
in a single particle at their centres. 

Motions of the Celestial Bodies. Law of the force. 

183. The laws which regulate the motions of the planets about 
the sun, are known under the denomiaation of the laws of Kepler ; 
having been discovered by that distinguished Astronomer, who de- 
duced them from innumerable obacryationa. They are three ia 
number and are as follows. 

1°. The planets and comets movo in plane curves, and their radii 
vectors describe about the sun, as a centre, areas proportional to 
the times. 

2°. The orbits, or trajectories of the placets and comets are conio 
sections, ha,ving the sun in one of their foci. 

3°, The squares of the times of the revolutions of the planets 
about the sun, are proportional to the cubes of their mean distances 
from the sun. 

184. From these laws, derived from observation, Newton deduced 
the law of universal gravitation. We shall give an elementary view 
of the aid derived from the Calculus in the accomplishment of this 
great work. 

Let AmP be the elliptical orbit of a planet m, having the centre 
of the sun ia. the focus S. Let 
SX, SY be two rectangular ases 
in the plane of the planet's orbit, 
and having their origin at S. 
Dra,w 3m, and let fall mp per- 
pendicular upon SX. Sffl which 
joins the centres of the sun and 
planet is the radius vector ; and S;?, pm equal to x and y respec- 
tively, will be the co-ordinates of the planet at any point m of the 
orbit. 
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Let X and Y be the components, in the directions of AX and 
AY respectively, of the force F which acts upon the planet. Then 
we shall have tor the ei^uationa of the planet's motion, 

5 = X, p, = Y. (1, 

If we now multiply tiie first of these two equations by — y, and 
the second by x, and add them, we obtaia 

dl^ " 

d{..dy-ydx)^^^ 

di' y ■> ' 

Let A be the area of any sector PSg- of the ellipse. Supposing 
a perpendicular Vn let fall from P on the axis SY, the area of the 
quadrilateral P«Sg', thus formed, will be comprised between the 
limits y^O, y = Sn, and we shall have area PnSg =fxdy. 
But the area of the triangle PhS = ^xi/; hence 

A ^=zfxdy — \ xy, 
and dA = xdy — I xdy — ^ ydx 

= ^{xdy--ydx.) 
Let c^ twice the area described by the radius vector in the unit 
of time ; then by the first law of Kepler 

xdy — ydx := cdt ; (3) 

whence d{xdy-j dx)^^_ 

and by substitution in (2) Yx — X^/ = ; (4) 

wheni* X : y : t a: : 4/ : : Sp : pm. 

The forces X and Y being thus proportional to the oo-ordinatea 
Sp, pm, the resultant of these forces must pass through their origin, 
or the centre of the sun S. The curve described by the planet is 
conoave toward the sun; the force, therefore, that causes the planet 
to describe that curve tends toward the sun. 
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Tte first deduction from the laws of Kepler is, then, the impor- 
tant one, that the force which retains the planets in their orbits is 
directed toward the centre of the sun. 

185. We proceed nest to dctormino the law of the force, or the 
manner in which it varies at different distances from the sun. 

If the first of the equations (1) be multiplied bj rfa: and the sec- 
ond by dy, we obtain for the emn 

'^I^I±J-y£l=-S.d^+Ydy. 

The left hand member of this being a perfeet differential, we 
have by integration 

Deducing the value of dt from (3) which espressos the law of 
the areas, and substituting, we have 

f^|;)=V(X.» + T.,,. ,5) 

We next, for greater simplicity, transform this equation into a 
polar equation, having for its co-ordinates the radius vector Sm, and 
the polar angle mBg. Let Sm = )■, m'ig t= v ; then 

Sp = 3:= rcosfl, pm =^^r sin jj, r^ {^'-j-^')^ ; 
whence d:i? -f" ^v" ""^ r^di? -\- dr'. Also from the element of the 
area of polar curves, art. 127, and equation (3), we have xdy — 
ydx ^ r'dv. 

Again, let E be the resultant of the forces X and Y ; thea 

F=(X' + Y')i, X = — Fcosp, and Y = — Fsinp; 

the sign is negative, because tho force F in the direction mS tends 
to diminish the co-ordinates. Multiplying the two last equations 
by dx and dy respectively, and adding, we have 

Xdx 4- Ydy = — ¥ (cos vdx -j- sin vdy) ; 
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from which by means of the equations x^raosv, y-^r 
got Xdx-!^Ydy=^ — mr ; 

and the equation (5) beoomes, therefore, by substitution 
c'(r'<?»'-(-rfr=) 



whence do = 



i+2/F^r = 0; (6) 



If the value of F were now known iu terms of the diatanoe r, 
this equation would give the nature of the curve, or trajectory, de- 
scribed by the planet. But it is the force F which is unknown 
that we wish to determine, the nature of the orbit being givoa. 
Differentiating, therefore, (6) from which the equation for dv is de- 
rived, we have, to determine F, 

y,=£^^£.i\:^ll. (7) 

r^ 2 dr ^ ' 

We have thu3 obtained an expression for the force F in terms of 
the radius vector Sm, and the corresponding variable angle mBg 
^ V. But in order to determine the law of the force we must 
eliminate v, so that F will be expressed in terms of the radius vec- 
tor r or 8m only. 

By the second law of Kepler the planets and comets move in 
conic sections, having the sun in one of their foci. Let us employ, 
therefore, for the purpose of the required elimination the polar 
equation of the ellipse, viz. 

! + «(""-»)' ' ' 
in which e represents the cocentficity, 2a the greater axis, « the 
ancle PSg- which this axis makes with the axis AX, and v the an- 
gle mSg as above. 

This equation becomes that of a parabola, when e ^ 1 and a is 
infinite ; and that of an hyperbola when e is greater than unity, 
and a is negative. 
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But this equation maj be written 

r — ^ij^-r~- ^' 

Taking the differential, dividing by dv, squaring both sides, and 
HuhstitutiBg for sin'(B — fl) its equal 1 — cob'(s — ii), we obtain 

But equation (9) givea 

e'coB^vS) _ J_ _ 1 __ 2eaos{v ^S)) 

or hy substituting for e eos (u — S) tvom (8) 

■■(»-«) 



<•"( '-«■)■" '■• ir( i - «■) T „. ( 1 _ ,.,. ■ 
whence by substitution in (10) 



(11) 
(12) 



r-dv- ar(l-,') ,' «-(l-.')' 
aad this being substituted in (7) gives, after performing the differ- 
entiation and reducing, 

'^= „ (I !!.■) ■?■ (lif) 

But the coef&cient .. ■ ■■ ; ■■ being constant, the force, it la evi- 
dent, will vary aa -^, or inversely as the square of the distance of 
iJie planet from the sun. 

Thus, the force which retains the planets and comets in their 
orbits is directed toward the sun, and varies in the inverse ratio 
of the square of the distance from the sun. 

186. The law thus deduced is obtained for each of the planeta 
separately. We shall now show tliat the force is the same for all 
the planets at whatever distances they are placed from the sun. 
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The infensify of the force depends, it is evident, upon the coeffi- 
cient — - j— " — J--, which may be found by Kepler's laws. 

Let T denote the periodic time, or time of revolution of a planet. 
Then c denoting, as above, the double area described by the radius 
vector iu the unit of time, the area described in the time T wili be 
cT. But during the time T the radius vector will describe the 
whole ellipse, the area of which is !rn\l — e')^, a and (1 — e=)^ 
denoting the semi-axes. Thus we shall have 

T 
Putting k=- 



In like mannei: if we consider another planet, we have 



But by the tliird of Kepler's laws 

T' : T'= : : a' : rt'= ; 
hence k = k' ; 

that is, the accelerating force is the same at the unit of distance for 
all the pknels, and varies only from one body to another by reason 
of the disianee. It follows, therefore, that if all the planets were 
placed at equal distances from the sun, they would, if left solely to 
the action of this force, fall in the same time to the sun ; that which 
is analogous to what is observed in respeot to bodies acted upon by 
attraction near the surface of the earth. 

Proceeding with the investigation, it is proved that the force 
which confines the planets and comets to their orbits, is the same as 
that rfhich causes the descent of a heavy body toward the surface 
of the earth. We thus reach the law of univcrsa! gravitation, viz. 
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that all tlie particles of matter attract each other aa the masses di- 
rectly, and as the squares of the distances inversely. 

187. The law of the force being obtained, aa we have seen, from 
the laws of Kepler derived from observation, we may next invert 
the problem ; and, assuming the law of gravitation to be the law of 
nature, deduce from the equations of motion derived from this prin- 
ciple all the circumstances of the motions of the heavenly bodies, 
and then compare the results with observation. This is what baa 
been done by La Place in his immortal work, the Michanique 
Cileste. Setting out with tliis single principle, the revolutions and 
rotations of the planets modified by their mutual disturbances, the 
oscillations of the fluids at their surfaces, the various ciianges the 
system has undergone in ages past, thc«e it will undergo in ages to 
come, arc made the subject of direct calculation. The astonishing 
accuracy of the results obtained exhibit alike the truth and tb.e 
power of the instrument by which the work is accompli shed, 



SECTION SIS. 

LIMITS, BEEIVKI) fU\'CTI0N9, 

188. Thus far, in accordance with the method of Ijoibnitz, wo 
have employed, as auxiliaries to the establishment of equations, the 
infinitely small incremente or elements of which tho magnitudes 
under consideration are supposed to be composed. Newton has 
based the Calculus upon a different conception. From his point of 
view the auxiliaries employed to facilitate the formation of equa- 
tions are the limits of the ratios of the simultaneous increments of 
the primitive quantities which require to be considered; those lim- 
its, or which is the same thing, Jinal ratios of the incrementfi hav- 
ing always a finite and determinate value. 

By tlie U?nit of a proposed magnitude we understand that to 
which the magnitude may be made to approach indefinitely near. 
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Thus tlie circle is tlie limit to the polygon inaoribed; since by in- 
creasing tto number of its sides the polygoa may he made to ap- 
proach indefinitely near to the circle, or to differ from it as little as 

A magnitude is said to be ultimately equal to its limit ; and the 
two are said to be ultimately in a ratio of equality. 

A line or figure ultimately coincides with the line or figure which 
is its limit, 

189. To giYC an elementary idea of the Calculus according to 
the method of Newton, we resume the problem of taagenta, viz. 
To determine for each point of a plane curve, the equation to which 
is given, the direction of its tangent. 

Let AMM' be the curve, M the point to which the tangent is re- 
quired to be drawn. Let T'MM' bo 
a eeoant line cutting the curve in M 
and also in the point M' near to M. 
Supposing the secant to revolve about 
the point M, as the point M' approach- 
es M , the seeant T'MM' will approach, 

it is evident, more nearly to the tan- ___ 

gentTM; with which it will coincide x i A P f 

when the point M' falls upon M. The tangent line is, then, the 
limit to the secant. Let AP, AP' and PM, P'M' be the co-ordi- 
nal«s respectively of tie points M and M', and let the difference 
between the abscissas AP, AP" be represented by ^:e, and the dif- 
ference between the ordinates PM, PIVI', by -dy. Then, t being put 
for the trigonometrical tangent of the angle MT'P which the secant 
line makes with the axis of x, we shall have 

Passing now to the limit, and denoting the limit by L, we have 

t = h^, 
dx 
for the trigonometrieal tangent of the angle which the tangent sought 
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makes with, the axis of x. For the complete solution of the prob- 
lem we liave now only to eliminate the auxiliary employed ; or, in 
other words, to find, for each particular case, the value of the limit 

Let, for esample, the equation to the curve bo j/ ^ ox'. We 
shall then liave 

y -|- Ay r= a (x -f- ^x)' = ax' -\- 2axJx -{- aJx' ; 

whciico ^= 2ax + a^x. 

-Jx ' 

Here, it is evident that tte limit toward which the second mem- 
ber of this equ ition teuda as -Jx diminishes, is 2ax. Putting, there- 
fore, Jx^=(i m Older to pass to the limit, we have t^^ax. The 
direction of the tangont ^^i therefore, known, 

190. The nature of the auxiliaries being now understood, we 
proceed to shiw the manns-r in which they arc derived from their 
primitives. 

In order to this, let u=f{x) ; and let u' denote what u becomes 
when a: has received an arbitrary increment A. li&t f{x-\- /i) be 
developed according to the ascending powers of h ; and let A, B, 
0, &c., which are functions of a,-, be the coefficients of these powers. 
Then, if we suppose ^ = 0, we have A = )i, and the development 
may be written 

m' = a -|- BA -f CA= -f DA' + &c. ; (1) 

whence -- ^" = B -f CA + D/l= + &c. 

The right hand member of this ec[uation approaches, it is evident, 
more nearly to B as A is diminished ; and becomes equal to B 
when A = 0. Passing, then, to the limit we have 

l'-^^ = B. (2) 

In general, therefore, to find the limit of the ratio of the incre- 
ment of a function to that of its variable, tve develop the function 
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according to Ike ascending powers of the increment of its variable, 
subtract its primitive value, dieide the remainder by the increment 
of the variable, and take the first term of the quotient. 

The equation (1) may be put under the form 

m' — M = B^ + (0 -1- DA + &c.)A=, 
or putting P for B and P' for tte coefEcient of k^, 

u' — ux='Ph-{-Yh\ (3) 

a formula which is of frequent use. 

191. The corresponding increments u' — w, and k, conaidercd aa 
indefinitely small, are called the differentials of u and x; and are 
Tmtten du, dx respectively. Employing thia notation, tJie limit, 
equation (2), may be written 

^ = B. 

dx 
The value B of this limit is called the differential coefficient ofu. 
The differential coefficient of a function multiplied by the differen- 
tial of its variable is called thfi differential of the ftinction. Thus, 
if B is the differential coefficient, 3dx is the differential of the func- 
tion u. Let u ^ ax', for example ; the differentia! coefficient will 
be ^ax^, and the differential will be ^ax'dx. 

1. Proceeding now with our purpose, let it be required to find 
the differential coefficient of the function u^y -\-z — v, where 
y, e and v are functions of x. 

Giving to X an increment h we have 

«'-, = (,/^5) + (,'-,)-K-,.), 
or by the formula (3) 

w' — « = (PA + P-A=) + (QA -f- Q'A') — (K^ + ^h') ; 
&om which, dividing by h, and pacing t-o the limit, we have 
| = P + Q_E. 

Whence, the differential coefficient of a function, composed of 
the sum or difference of several functions of the same variable, is 
equal to the sjtm or difference of the differential coefficients of 
these functions. 

20* 
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2. Let u and v be two functions dependent upon the same varia- 
ble a:, to find tlie difierentiai coefficient of tbair product. 

By the formula (3) we have 

i<' = K-j-P/i4-P7;'; e' = y + QA + QV. 
MuUiplying these equations, member by member, 

7/u' = Mt. -I- i.PA -f jiQ/i + PQA= + &c. ; 
whence, transposing, dividing by k, and passing to the limit, 

^^ = .P + »Q. 

dx ' 

Honce, the differential coefficient of the product of twofunc- 
tioTts of the same variable, is equal to the sum of the products of 
each of them by the differential coefficient of (he other. 

3. Let M= — , where s and v are functions of the same varia- 
ble X. We shall then have uv := s, and 

d{uv) ds , ds die da 

dz dx' dx d^' dx 

Transposing, dividing by u, substituting for u its value, and re- 
ducing, ds dv 
du dx dx 

Whence, to find the differential coefSeient of a fraction, whose 
numerator and denominator are functions of the same variable, 
multiply the differential corfficifnt of the numerator by the ds' 
nominator, and the differential coefficient of the denominator by 
the numerator ; subtract the second product from the ff,rst and 
divide the remainder by the square of the denominator. 

4. Let u = aa", n being entire or fractional, positive or negative. 
Developing by the binomial theorem, transposing and passing to the 
limit, we obtain ^n 

To find, therefore, the differential coefficient of the power of a 
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single variable, muUiply by the exponent and diminish the expo- 
nent by unity. 

192. Tbe above rules are sufficient for all algebraic functiona. 
In their application it will be recollected, as may easily be sbown, 
that the differenlial coefficient of u -)- C, C heing any constant 
quantity and u hmig any function of x, is the same as the differ- 
e7itioi coefficient of Vl ; and the differential cofffirAent of Am is 
equal to the differential coefficient of « multiplied by A. 

The process for finding the differential coefficient, or, in general, the 
differential, is called differentiation. The reverse process is called 
integration, and is indicated by the aigny". 

From what has been done, each rule for finding the differential 
coefficient, being inverted, will, it is evident, furaish a rule by which 
to find the function from the differential coefficient. Thus, for ex- 
ample, /aj;'=iaj:'. 

193. We have seen how the problem of tangents is solved by 
the method of Newton. Wc pass to some additional examples. 

Es. 1. A plane curve being given by its equation, to find its area. 

LetAMN be the curve, XP =x, Vll = y, PF = A. Then 
when X receives an inorement h, the area 
APM will receive a corresponding incre- 
ment PPMN, which will be intermediate 
between the rectangles PR and PN. For 
the areas of the rectangles PR and PN 
we shall liave 

= {y-fPA+P'A')ft; 




=^yh; 



V P' 



AP-N — APM 



<y-|-PA- 



-FA', 



both of which quantities will, it is evident, be eriual to y, when k 
z=0. Tims the limit to the ratio of the increment of the area APM 
to that of the variable x, on which it depends, will be y, and 
we shall have 



dz' 



-y. 
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Let now tte equation to the c 
■value of y we have ^A 



and the question returns to find the invert 
cotreapondiog to the differential coefficient 



Subatituling the 

integral, 
n other words, 
rule wo obtain 



to eliminate tkis coefiletent. Applying the n 

A = ^aj= + C, 
in which the constant will be 0, if we reckon the surface from the 
vertex A. 

2. As a second example, let it be required to find the volume 
generated by iJie reyolution of a plane curve about a fixed asis. 

Id the preceding figure let AMN be the generating curve. The 
volume generated by the small quadrilateral PP'MN will be, it ia 
evident, intermediate between the cylinders generated by the rec- 
tangles PK and PN. Employing the same notation as before, we 
have for the latter, 

cylinder PKs=x3/°Ay cylinder PN^ir{y-^'Ph-\-F'k^)'k. 

Hence, if we put V for the volume sought, we shall have, ia the 



dV 

dx 



■ = -^y- 



Let the equation to the c 



dx~'^'^^ ' 
whence returning to the inverse function, or integrating, and esti- 
mating the volume from the vertex A, we find 

What has been done will enable the learner to compare the 
method of Newton with that of Leibnitz. In illustrating the for- 
mer we have restricted ourselves to the use of the limits or differ- 
ential coefficients, the proper ausiliaries in this method. We re- 
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mark in passing that the application of the notation of Leibnitz to 
the metl\od of Newton, and eRpeciallj the use of differentials in 
the latter, serre to confound the two methods, whioli should always 
be kept distinct. 

DEKIVED FUNCTIONS. 

194. DepartsD'T from the method of Leibnitz and Newton, La- 
grange has endeavored to construct the Calculus upon a basia pure- 
]y algebraic. In order to this' he employs as ausiliary to the for- 
mation of equations the Derived Functions of the quantities under 
consideration, and which are simple algebraio espreasiona. The 
manner in which these functions are derived are, for our present 
purpose, sufficiently indicated, Alg. art. 2iJ7. Thus lQif{z)= ax\ 
for example; the derivatim will then be Za:^. 

195. The derived function /(j;) of Lagrange, the limit L — of 



Newton, and the differential coefficient -^ of Leibnita, it will be 



dx 
B precisely one and the same function seen from three 
different points of view. The three methods are, therefore, funda- 
mentally the same. Each has the same object, that of facilitating 
the formation of equations by aid of special auxiliary quantities 
which have certain relations to the primitive quantities for which 
they are substituted or witii which they arc used. The office of 
the Calculus, in either ease, is to detennino these relations and to 
provide for the elimination of the auxiliaries when they have served 
their purpose. As a logical basia of the Calculus the method of 
Mewton, and eapecially that of Lagrange, may have some advan- 
tage. In other respects the soperiority is immeasurably on the 
Bide of the method of Ijeibnitz. 



SECTION X5. 
MISCKLLANEOUS EXAMPLES. 

196. Having thus completed our view of the Calculus 
with some miscellaneous esampleg, 
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